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Abstract 

In this paper we will study integrability of distributions whose primitives are 
left regulated functions and locally or globally integrable in the Henstock-Kurzweil, 
Lebesgue or Riemann sense. Corresponding spaces of distributions and their primitives 
are defined and their properties are studied. Basic properties of primitive integrals are 
derived and applications to systems of first order nonlinear distributional differential 
equations and to an mth order distributional differential equation are presented. The 
domain of solutions can be unbounded, as shown by concrete examples. 
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1 Introduction 

One way of defining an integral is via its primitive. The primitive is a function whose 
derivative is in some sense equal to the integrand. For example, if / and F are functions on 
a real interval / and F is absolutely continuous, such that F'(x) = f(x) for almost all x G I, 
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then the Lebesgue integral of / is f a f(x) dx = F(b) — F(a) for all a, b G I. If function F has 
a pointwise derivative at each point in /, except for a countable set, then the derivative is 
integrable in the Henstock-Kurzweil sense on each compact subinterval of / and F'{x) dx = 
F(b) — F(a) for all a, b G /. In this sense, the Henstock-Kurzweil integral inverts the 
pointwise derivative operator. There are also Henstock-Kurzweil integrable functions for 
which this fundamental theorem of calculus formula holds and yet these functions do not 
have a pointwise derivative on certain uncountable sets of measure zero. A function has a C- 
integral defined in [I] if and only if it is everywhere the pointwise derivative of its primitive. 
In this sense, the C-integral is the inverse of the pointwise derivative. It is well-known that 
the Riemann and Lebesgue integrals do not have this property. For details, see [16]. The 
Henstock-Kurzweil integral is equivalent to the Denjoy integral. We get the wide Denjoy 
integral if we use the approximate derivative. See, for example, [18] for the definition of the 
wide Denjoy integral. 

If we use the distributional derivative, then the primitives need not have any pointwise 
differentiation properties. The continuous and regulated primitive integrals defined in [22|[23] 
invert the distributional derivatives of continuous and regulated functions, respectively. See 
[HI [7J |8] for applications of these integrals to nonlinear distributional differential equations. 

In this paper, we will study integrability and primitive integrals of distributions on a real 
interval J. We say that a distribution / is integrable if / is a distributional derivative of 
a function, called a primitive of /, that is left regulated, has a right limit at inf J, and is 
Henstock-Kurzweil {HK) integrable, Lebesgue integrable or Riemann integrable locally on 
/, i.e., on each compact subinterval of /. We will show that every integrable distribution / 
also has a left continuous primitive F : I — > R that is right continuous at the possible left 
end point of /. Because any two such primitives of / differ by a constant, the difference 
F(b) — F(a) for any two points of I is independent of the particular primitive F. This 
property allows us to define for all a, b G / the primitive integral of / from a to b by 

f f:=F{b)-F{a). (1.1) 

J a 

There is a bijective mapping T between distributions / and those of their primitives F that 
have above mentioned one-sided continuity properties, their right limits vanish at inf /, and 
they are locally integrable in the HK, Lebesgue or Riemann sense. In each of these three 
cases the spaces of primitives have the pointwise partial order <, i.e., F < G if F(x) < G{x) 
for each x G I. The bijection F can be used to define a partial order in the corresponding 
spaces of distributions by / ^ g if and only if F(f) < F(g). Moreover, if primitives are 
globally integrable in the HK and Lebesgue cases and I is compact in the Riemann integrable 
case these spaces can be normed by the Alexiewicz norm \\-\\a in the HK integrable case, by 
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the Z^-norm || • in the Lebesgue integrable case, and by the sup-norm || • ||oo i n the Riemann 
integrable case. The bijection F inherits norms to the corresponding spaces of distributions 
by ||/|U= IW)IU, ||/||i = ||^(/)||iand ||/|U=|IHf)lloo. We will show that with respect 
to these partial orderings and norms both the spaces of integrable distributions and their 
corresponding primitives form in the HK integrable case an ordered normed space, in the 
Lebesgue integrable case a normed Riesz space, and in the Riemann integrable case a Banach 
lattice and Banach algebra if I is compact. If / is not compact, it can be represented as an 
increasing denumerable union of compact intervals /„. Thus the spaces of locally integrable 
primitives can be equipped with the linear metric defined by d(Fi, F 2 ) = ^ 1+ jji^-jlln ' wnere 

n 

||F|| n denotes the norm of the restriction of F to I n . 

The Fundamental Theorem of Calculus is valid, so that / = F', the primitive derivative 
of F — F(f). This allows us to convert distributional differential equations to integral 
equations in the spaces of primitive functions. In [9] this property is applied in the Riemann 
integrable case to derive existence results for the unique, smallest, greatest, minimal and/or 
maximal solutions of finite systems of first order nonlinear distributional Cauchy problems. 
Dependence of solutions on the data is also studied, as well as systems of distributional 
differential equations with impulses and higher order distributional Cauchy problems. In 
section [7] we generalize to the HK integrable case a uniqueness result and the existence 
and comparison results derived in [9] for the smallest and greatest solutions of distributional 
Cauchy systems and higher order distributional Cauchy problems. Results of |9] dealing 
with minimal and maximal solutions are extended to the Lebesgue integrable case. Another 
generalization is that the solution interval can be unbounded, as shown by concrete examples. 

2 Preliminaries 

We will first fix some notation for distributions. Let J be a real interval. The space T> of test 
functions are formed by functions of C^°(I), that is, the smooth functions which, together 
with all their derivatives, have compact support in I (cf. [26] ) . The support of a function 
<p is the closure of the set on which <fi does not vanish. Denote this as supp(0). There is 
a notion of continuity in T>. If (0 n ) is a sequence in V, then n — > in T> if there is a 
compact subset K in I such that for all neN, supp(0 n ) C K, and for each integer m > 0, 
4>n^ ~~ >* uniformly on K as n — > oo. The distributions on / are the continuous linear 
functionals on V, denoted T>' . If T G T>', then T : T> — > M and we write (T, 0) G R for <p e T>. 
If (j) n — y (j) in P, then (T, n ) — > (T,<p) in R. And, for all a 1; a 2 G R and all (fii,4>2 £ D, 
(T, ai0i + a202) = cli(T,4>i) + a 2 (T, 2 )- The differentiation formula (T',4>) = — (T, <fi') 
ensures that distributions have derivatives which are distributions. Results on distributions 
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can be found in [5]. 

A function H : I — > R is left (resp. right) regulated if it has a left (resp. right) limit at 
each point of / except the possible minimum of / (resp. the possible maximum of /). Write 
H(t—) = lim H(s) and H(t+) = lim H(s). A function is regulated if it is both right and 

left regulated. The main difference between regulated functions and right or left regulated 
functions is that the latter ones may have discontinuities of the second kind, while regulated 
functions can have only discontinuities of the first kind. Hence, regulated functions on a 
closed interval are bounded while left or right regulated functions need not be bounded. A 
left regulated function H is left continuous if H(t) = H(t—) at other points of I than the 
possible minimum. H is said to be countably stepped on a subinterval [a, b] of I if (a, b] is 
equal to a countable disjoint union of intervals where H is constant on each interval. 
The following lemma presents useful properties for left regulated functions. 

Lemma 2.1. Let H : / — >■ R be left regulated. Then 

(a) H has at most a countable number of discontinuities, (b) There is a sequence (F n ) of 
countably stepped functions on I that \F n (t) — H(t)\ < - for all n G N and t £ I. (c) H is 
Lebesgue measurable. 

Proof, (a) Given a compact subinterval [a, b] of I and a positive integer n, define 
G n : [a, b] — > [a, b] by G n (a) = a, and for x G (a, b], 

G n {x) = inf{y G [a,x)\ \H(s) — H{t)\ < — for all s, t G (y, x)}, x G (a, b]. (2.1) 

It is easy to verify that G n is increasing, i.e., G n (x) < G n (y) whenever a < x < y < b. 
Because H is left regulated, then G n (x) < x for each x G (a, b]. By (TTJ Proposition 1.2.1] 
there is exactly one subset C n of [a, b] that is inversely well-ordered, i.e., each nonempty 
subset of C n has the greatest number, and has the following property: 

b = maxC n , and b > x G C n if and only if x = ini{G n [{y G C n \y > x}]}. (2.2) 

Because inf G n [C n ] exists, it is by [HJ Proposition 1.2.1] a fixed point of G n . Since a is the 
only fixed point of G n , then inf G n [C n ] = a. This result and [HI Theorem 1.2.3] imply that 
a = min C n . Define 

D n := C n \ {a}, where C n is determined by (EE}, (Q. (2.3) 

Because G n (x) < x for each x G D n , it follows from dual of [HI Lemma 1.1.3] that G n (x) = 
max{y G D n \y < x} for all x G D n . Thus (a, b] is the disjoint union of half-open intervals 
(G n (x),x], x G D n . The definition of G n and the choice of n imply that \H(s)—H(t)\ < - for 
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each s G (G n (x),x). Thus all the discontinuity points of H in [a,b] belong to the countable 
set Z = IJm=i D m U {a}. This implies the conclusion of (a) because I can be represented as 
a denumerable union of its compact subintervals. 

(b) Given a bounded subinterval (a, b] of I and n£N, define F n : (a, b] — > R by 

F n (t) = H(x-), t G (G„(x),x], x G D n . (2.4) 

F n is countably stepped and \F n (t) — H(t)\ < - for all t G (a, ft]. This holds for each n G N, 
so that (F n ) converges to H uniformly on (a, b]. If sup/ = oo there is a G I such that 
if x, y G (a, oo) then |if(x) — H(y)\ < 1/n. Define F n (x) = lim^oo if (t) for x G (a, oo). 
Now write f \ (a, oo) as a disjoint union of intervals (a, ft]. Define F n as above on each such 
interval and define F n (inf I) = if (inf J). 

(c) By (a) the set Z of discontinuity points of if is a null set, whence if is Lebesgue 
measurable. □ 

Applying results of Lemma 12.11 we obtain the following integrability criteria for a left 
regulated function. 

Lemma 2.2. Let H : I — )■ K be left regulated. Then (a) H is locally Riemann integrable 
if and only if H is locally bounded, (b) H is locally Lebesgue integrable if and only if for 
each subinterval [a, b] of I the function F n , defined by \2.$ , is Lebesgue integrable for some 
n G N. (c) H is locally HK integrable if and only if for each subinterval [a,b] of I the 
function F n , defined by jjj2.4\ ), is HK integrable for some n G N. 

Proof, (a) Because H by Lemma 12.11 is continuous almost everywhere on I, then H is 
locally Riemann integrable if and only if H is locally bounded (see [T7]). 

(b) and (c) Let [a, b] be a subinterval of 1. By Lemma 12.11 (b) the function F n defined by 
( 12. 4 p is countably stepped, and hence Lebesgue measurable. If H is locally HK integrable, 
then F n is bounded above and below by HK integrable functions H ± -, whence F n is HK 
integrable (see [281 Theorem 2.5.16]). Conversely, if F n is HK integrable, then H is bounded 
above and below on [a, b] by HK integrable functions F n ± -. Because H is also Lebesgue 
measurable by Lemma [2T21 (c). then H is HK integrable on [a, b\. The above reasoning holds 
also when HK integrability is replaced by Lebesgue integrability. □ 

The following lemma, which is a consequence, e.g., of [21 Lemma 1.12], presents a sufficient 
condition for local HK integrability. 

Lemma 2.3. Let I be an interval in R. Given a function G : J — > R ; suppose that there 
exists a continuous function F : I — > R and a countable subset Z of I such that F is 
differentiate in I \ Z , and F'(t) = G(t) for all t G I \ Z . Then G is locally HK integrable 
on I, and G(t) dt = F(b) - F(a) for all a, be I. 
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The next result follows from [4, (8.6.4)]. 

Lemma 2.4. Let (G m )^ =1 be a sequence of functions from an interval I C R into R. Suppose 
that, for each m6N, i/iere exists a continuous function F m : I — > R and a countable subset 
Z m of I such that F m is differentiate in I \ Z m , and F^it) = G m {t) for all t E I \ Z m . 
Suppose in addition that 

(i) there is a point t £ I such that {F m (to)) converges in R; 

(ii) for every point t & I there is a neighbourhood B(t) with respect to I such that in B(t) 
the sequence (G m ) converges uniformly. 

Then for each t e / , the sequence (F m ) converges uniformly in B(t); and if we put G(t) = 
lim G m (t) and F(t) = lim F m (t), then F'{t) = G{t) at every point t of I \ UZ m . 

m— >oo m— >oo n 

Lemmas 12.31 and 12.41 are used in Example 16.11 to verify the HK integrability of a left 
regulated function that has a discontinuity of the second kind at every rational point. 

The definition of integrability and the primitive integral in the HK integrable case is 
based on the following result, where / denotes the Henstock-Kurzweil integral. 

Lemma 2.5. Suppose that H : I — >■ R is left regulated, that <p n — > in T>, that K is 
the compact subset of I as in the definition of <p n — > <f>, and that K C [a, b] C J. Then 
H(t)(j) n (t) dt / H(t)(j)(t) dt if and only if H is HK integrable on [a, b] . 

Proof. Since H is left regulated, it is Lebesgue measurable by Lemma 12.11 Since the 
sequence (<f) n — 0) converges to in T>, the sequence (4>' n — 0') converges to uniformly on 
[a, b}. Thus the sequence (<f) n ) is of uniform bounded variation, and converges uniformly to 
0. The conclusion follows from [2UI Corollary 3.2], since the hypotheses of it are valid by 
the above proof when f = H, (g n ) = (0 n ) and g = 0. □ 

3 The LD primitive integral and basic properties 

In this section we will study integrability and the integral of distributions on a real interval 
/ having locally or globally HK integrable primitives. 
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3.1 LDP integrability and the LD primitive integral 

We will first describe the spaces of primitives for the LD primitive integral on /. Denote 
V lr (I) ={H : / R\H is left regulated, locally HK integrable, 

and has a right limit at inf /}, 
V lc (I) ={G E V lr (I)\G is left continuous, and G(min/) = G(minl+) if mini exists}, 
V l c (I) ={F e V lc (I)\F(mfI+) = 0}. 

(3.1) 

The same notations are also used when local HK integrability is replaced by global integra- 
bility. 

Let H e T> lr (I). We will prove in Theorem 13.1 1 that H uniquely determines a distribution, 
also denoted by H, on / by 

(H, (f>) = I H(t)<f>(t) dt, (pEV, where supp(0) C [a, b] C J, (3.2) 

J a 

where / denotes the Henstock-Kurzweil integral. Define functions G G T> lc (I) and F e T> 1 q(I) 
by 

G(x) = X>miI, T . f . _ . + F(x) = G(x)-G{m£I+),xeI. (3.3) 
I H[x+), x = mini it mini exists, 

Replacing H in (I3.2p by the so defined functions G and F we get distributions G and 
F. Because H has by Lemma 12.11 only a countable number of discontinuity points, then 
all the distributions F, G and H are equal. All these three distributions have the same 
derivative which is itself a distribution. This is known as the distributional derivative or 
weak derivative. We will usually denote the distributional derivative of a distribution F by 
F' and the possible pointwise derivative of F by F'(t). 
As a consequence of Lemma 12.51 we obtain 

Theorem 3.1. Every function ofT> lr (I) determines a unique distribution on I by A3.2\) . 

Proof. Let H e V lr (I). Since H is locally HK integrable and left regulated, then (13. 21) 
defines by Lemma 12.51 a continuous function H : T> — > R by i— )■ H{s)4>{t) dt, where 
supp(0) C [a, b] C I. H is linear because of linearity properties of Henstock-Kurzweil 
integrals. Thus H eD' '. □ 

A distribution / on I is called LDP integrable on / if it is the distributional derivative 
of some primitive H e V lr (I), that is, for all <f> G T> we have 

(/, 0) = (H 1 , 0) = - (H, <j)') = - I H{t)(j>'{t) dt, where supp(0') C [a, b] C /. (3.4) 

J a 
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The last integral is a Henstock-Kurzweil integral. Denote 

A D (I) = {f E V'\f is LDP integrable on I}. (3.5) 

Linearity of the distributional derivative shows that Ad(I) is a linear subspace of V . If / 
is LDP integrable with a primitive H G T> lr (I), then ( 13 .3p determines a primitive F of / in 

V l oV)- 

If / G Ad(I), F is a primitive of / in T> lc {I) and a, b & I, define the LF primitive 
integral of / from a to b by (jl.ip . 



3.2 Basic properties of the LD primitive integral 

We now present some of the basic properties of the LD primitive integral. Linear combina- 
tions are defined by (axfx + 02/2, <fi) — ( a iF[ + a 2F 2 , 0) f° r 4> e a ii °2 G /1, /2 £ Ad(/) 
with primitives F 1; F 2 G V 1 q(I). 

Theorem 3.2. (Basic properties of the integral), (a) The LD primitive integral is unique, 
(b) Addivity over intervals. If f 6 *Ad(/) ; £/ien /or all a < c < b we have f + f c f = 
J f. (c) Linearity. If fx, f 2 G Ad(Fj <wi^ 01,0.2 G R ; £/ien ai/i + a 2 f 2 G Ad(Fj awd 
fa(aifi + 0.2/2) = a i / 6 /i + a 2 / ^2) a, 6 G J. (c^ Reverse limits of integration. Let 
a, be I. Then / = - / a 6 /. 

Proof, (a) To prove the LD primitive integral is unique we need to prove primitives in 
£>(> c (7) are unique. Suppose F, G G 2^ c (f) and F' = G". Then (F - G)' = and the only 
solutions of this distributional differential equation are the constant distributions [5j Section 
2.4]. The only constant distribution in T> 1 q(I) is the zero function. 

(b) Note that [F(b) - F(c)] + [F(c) - F(a)] = F(6) - F(a). 

(c) Since axfx + 02/2 = (ax Fx + a 2 F 2 )', where Fj G V 1 q(I), F[ = fa, we have 

/ (ai/i + a 2 / 2 ) = (aiFi + a 2 F 2 )(b) - (axFx + a 2 F 2 )(a) 

J a 

rb rb 

= axFx(b) + a 2 F 2 (b) - axFx(a) - a 2 F 2 (a) = ax fi + a 2 f 2 . 



(d) /; / = F(a) - F(b) = ~[F(b) - F(a)\ = - j" a f. □ 

Theorem 3.3. (Fundamental theorem of calculus). Let f G Ad(I), G G T> lc (I), a G / and 
c G M. Then G' = f and G(a) = c if and only if G(x) = c + f for every x G I. 
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Proof. If G' = f and G(a) = c, it follows from ([S3]) and (JH) that 

G{x) = c + G{x) - G{a) = c+ (G(x) - G(inf /+)) - (G(a) - G(inf /+)) 

/•X 

= c + F(x)-F(a) = c+ / /. 



Conversely, let G(x) = c + j f. Then G(a) = c + f = c by (11.11) . Since F a (x) = f f is 
a primitive of / in V lc (I), then F' a = f. Thus G = (c + F a )' = + F^ = /. □ 

The result of Theorem 13.31 can be used to convert distributional initial value problems 
into integral equations. 

As a consequence of the definitions of Theorem 13.21 and the definitions of Ad{I) and 
V l c (I) we obtain 

Corollary 3.1. The mapping J 7 , defined by 

F(f) — F, f G Ad(I), where F is the primitive of f in V 1 q(I), (3.6) 

is a linear isomorphism from Ad(I) to T> 1 q(I). 

As with the Henstock-Kurzweil integral, there are no improper integrals. 

Theorem 3.4. (Hake theorem). Suppose f G T>' , and that f G Ad{[%, y\) for every proper 
subinterval [x,y] of[a,b] C I. If for some c G (a, b), lim f c f exists, then f G Ao[a, c], and 

x— >a+ x 

f° f = lim f c f, and if lim f y f exists, then f G Ad\c, b], and f b f = lim f y f. 

JaJ x ^ a+ JxJ' y— ' J Jc J y^b- Jc J 

3.3 Order and norm properties 

In T) 1 q(I), there is the partial order: F < G if and only if F(x) < G(x) for all x G I. Since 
the mapping F, defined by (13. 6 j) is a linear isomorphism from Ad(-0 to Vq(I), we can define 
a partial order ^ in Ad(-0 as follows. For f,gE Ad(I), define / ^ gr if J r (/) < -F(<?) in 
T> 1 q{I). In particular, if mini exists, then 

/ ^ <7 if and only if 7 / < J^in/ 5 ^ or eacn x ^ I- (3-7) 

Thus f ^ g ii and only if F < G, where F and G are the respective primitives in Pq c (J). If 
^ is a binary operation on set F, then it is a partial order if for all x, y, z G F it is reflexive 
(x %), antisymmetric {x -< y and y ^ x imply x = y) and transitive {x -< y and y -< z 
imply x -< z). If F is a vector space and ^ is a partial order on F, then F is an ordered 
vector space if for all x, y, z G S 

(1) x ^ y implies x + z -< y + z. 

(2) x ^ y implies fcx ^ fey for all k G K with k > 0. 
If x ^ y, we write y >z x. 
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Theorem 3.5. (Ordered vector space), (a) BothT> lc (I) andT> l Q(I) are ordered vector spaces, 
(b) Ad{I) is order isomorphic to T> [ q(I). 

Proof, (a) The following properties follow immediately from the definition. If F < G in 
T> lc (I), then for all H G V lc (I) we have F + H <G + H. If F < G and k > then kF < kG. 
Hence, V lc (I) is an ordered vector space, and so is T> l ^(I) as a linear subspace of V lc (I). 

(b) If /, g G A D (I) and fig, then F(f) < F(g). Let h G A D (I). Then, F(f) + F(h) < 
F(g) + But then {JF(f) + = + JF{h)' = f + h < g + h. If fc G R and 

/c > 0, then (kF(f))' = kF(f)' = kf so ^ kg. Then Ad(-0 is an ordered vector space 
that is order isomorphic to V 1 q(I). □ 

A vector space E equipped with a partial order ^ and a norm || • || is said to be an 
ordered normed space if the order cone E + = {x G E\x >z 0} is a closed subset of E in its 
norm topology. 

Assume next that the functions of T> lc (I) and T> 1 q(I) are HK integrable. We will show 
that V lc (I) and V 1 q(I), ordered pointwise, are ordered normed spaces with respect to the 
Alexiewicz norm: 



\F\\a = sup 

[a,b]CI 



fF(t)dt 



F G V lc (I) 



Using the isomorphism T we define a norm in Ad(I) by \\f\\A = \\J~(f)\\A- Equivalently, 



sup 

[a,b]CI 



b 



JF(t)dt 



where F = F(f). (3. 



Theorem 3.6. (Ordered normed space). Assume that the functions of T> lc (I) and T>q{I) 
are HK integrable. (a) T> lc {I) and T> 1 q(I) are ordered normed spaces with respect to the 
Alexiewicz norm and pointwise order, (b) Ad{I) is an ordered normed space with respect to 
partial order and norm defined by \3. 7| ) and k3. 8\) . (c) Ad(I) and T> 1 q(I) are isometrically 
isomorphic. The integral provides a linear isometry. 

Proof, (a) To prove that the Alexiewicz norm is a norm in T> lc (I) and in T>)f(I), first 
note they are linear subspaces of the Denjoy space D(I) of all HK integrable functions from 
/ to R. And, if F G V lc (I) such that \\F\\ A = 0, then then F(x) = for almost all x E L 
But F is left continuous in / \ {inf /} and right continuous at the possible min /. So if there 
were b G / such that F(b) ^ then there is an interval (a, b] if b > mini or an interval [b, c) 
if b = mini in which F does not vanish, which is a contradiction. Thus F(x) = for all 
x G /. Positivity, homogeneity and the triangle inequality are inherited from D(I). 

(b) Because HK integrability and strong HK integrability (called HL integrability in 
[2]) are equivalent for real functions by [HI Proposition 3.6.6], it follows from [21 Lemma 
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9.29] that the cone D(I) + = {G G D(I)\G(x) > for a.e. x G 1} is closed with respect 
to the Alexiewicz norm. Hence, if \\F n — F\\ A — > in V lc (I) and F n G V lc (I) + = {G G 
T> lc (I)\G(x) > for all x G I}, then > for a.e. x G /. Because F is left continuous 
in / \ {mini} and right continuous at mini one can show (cf. the proof of (a)) that F 
cannot have negative values, whence F G T> lc (I) + . This proves that V lc (I) + is closed in the 
Alexiewicz norm topology of V lc (I), so V lc (I) is an ordered normed space. The proof that 
T> 1 q(I) is an ordered normed space is similar. 

(c) The conclusion is a direct consequence of (a) because F is an order isomorphism from 
A D [l) to V l c (I), and \\f\\ A = HH/OIU for all / G A D (I). □ 

3.4 Integration by parts, dual space 

It is well-known that if / G D([a, b]) then the pointwise product fg is also Henstock- 
Kurzweil integrable if g is of bounded variation. Let F(x) = f x f. The integration by 
parts formula is then defined in terms of a Riemann-Stieltjes integral via f(x)g(x) dx = 
F(b)g(b) — J F(x) dg(x). See [IB]. The functions of (essential) bounded variation also form 
the dual space of D([a,b}). We will see analogues of these results for the LD primitive 
integral. 

Let BV([a, b}) be the functions of bounded variation on [a, b}. 
Definition 3.1. Let c G [a, b}. Define 

XBV c ([a,b]) = {g : [a,b] R | g(x) = J h(t) dt for some h G i3V([a,6]) flL 1 ([a,6])}. 

(3.9) 

The L 1 condition is redundant if [a, b] is a compact interval. Note that functions in 
X/SV c ([a, b}) vanish at c, are Lipschitz continuous on [a, b] and are hence in £>V([a, b]). 

Definition 3.2. Let / G „4 D ([a,6]) with primitive F G X#([a, 6]). Let 5 G JBV c ([a,6]) for 
some c G [a, 6]. Define the integration by parts formula fg = F(b)g{b) — F(t)g'(t) dt. 

There is no way of proving the integration by parts definition, although it clearly holds if 
/ G D([a,b]). However, we can use a sequential approach to justify it since the C 1 functions 
are dense in D([a,b]). Functions in XBV a and XBV C differ by a constant so we just need 
consider TBV a . 

Theorem 3.7. Let f G A D ([a,b]) with primitive F G V l c ([a,b]). Let g G XBV a {[a,b)). (a) 
Then\j b Jg\ < \F(b)\\g(b)\ + H^UH^U + Vg'). (b) Suppose (F n ) C C([a, b]) D C\{a, b)) 
such thatF n (a) = 0, F n (b) = F(b) and \\F^-f\\ A -> 0. LetH(x) = F(x)g(x)- f* F(t)g'(t) dt 
and let H n (x) = f* F^{t)g(t) dt. Then \H(b) - H n {b)\ < \\F - F n \\ A Vg' ->■ as n -> 00. 
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Proof, (a) The inequality f* F(J) < ||F|| A (inf |0| + V<p) holds for all F G D([a,b]) and 
G BV{[a,b\). See [3] and [2H Lemma 24]. 

(b) By the multiplier result above, the product Fg G T>Q C ([a,fe]). Since </ is almost 
everywhere equal to a function of bounded variation we also have Fg' G D([a, b\). The 
function x i— > f^F(t)g'(t)dt is continuous on [a, b] and vanishes at a. Hence, H exists on 
[a,b]. There exist functions F n satisfying the endpoint conditions since F has limits at a+ 
and b—. Each function H n is continuous on [a, b}. The inequality follows from (a). □ 

For compact intervals there is convergence in the Alexiewicz norm to the integration by 
parts formula. 

Theorem 3.8. Let [a,b] be a compact interval. Let f G AD{[a,b]) with primitive F G 
V l c ([a,b]). Let g G ZBV a ([a,b)). Suppose (F n ) C C{[a,b)) n C^flM]) such that \\F^ - 
f\\ A ->■ 0. Lei J?(ar) = - £ F{t)g'{t)dt and let H n (x) = /* F' n {t)g{t) dt. Then 

H, H n G P(, c ([a, 6]) and pf - -HrIU 0. 

Zc / 



Proof. The proof of Theorem 13.7( b) shows that H,H n G X>g([a, &]). Now 



ll^ , - J ff;iU = H^-fl n |U<2 sup 

/36[a,6] 

Let /3 G [a, 6]. Use (a) of Theorem 13.71 Then 



[H(x) — H n (x)] dx 



rP 

/ [H(x) — H n (x)\ dx 

J a 



(3.10) 







< 


r 




J a 




+ 


< 


IF- 



[F(t)-F n (t)}g'(t) / X \tA x ) dxdt 

J a 

F n \\A[(\\g\\oo + Vg) + (b-a)(\\g , \\ 00 



(3.11) 



Vg')} ■ 



The order of the iterated integrals can be interchanged by (3j Theorem 57]. It now follows 
that \\H -H n \\ A ->0. □ 

Notice that integration by parts defines a product Ad([o>, b]) x lBV a ([a, b]) —> Ad ([a, b}) 
given by fg = H'. A similar type of definition was used in [23] . Various properties of this 
product (or bimodule) were proved in Theorem 18 of that paper. Since XBV a ([a, b}) is closed 
under pointwise products, the same results hold here with similar proofs. 

Note that if J is a subinterval of [a, b] then fj f is not defined since xj & 1BV C . 

Now we consider the dual space of Ad ([a, b\). First, denote the functions of essential 
bounded variation by £BV([a,b\). A function / G £BV([a,b\) if / = g a.e. for some 
g G BV([a, b]). See ^5\- And, £ BV([a, b}) consists of equivalence classes of functions agreeing 
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a.e. Each equivalence class of SBV([a, b}) contains a unique function g of bounded variation 
that is left continuous on (a, b] and right continuous at a such that g differs from each 
function in the equivalence class on a set of measure zero. If / is in the equivalence class 
then H/llfBv = hrf/j Vh + \\f\\oo = Vg + Hfi'Hoo- The infimum is taken over all h G BV([a, b}) 
such that / = h a.e. Note that here ||/||oo is the essential supremum of / and ||g||oc reduces 
to the supremum of g. 

Theorem 3.9. (a) .4.£>([a, b]) is not complete, (b) £>Q C ([a,&]) is dense in D([a,b}). (c) The 
dual space of Ad ([a, b]) is isometrically isomorphic to X6V&([a, b\) and to BV([a, b]). 



Proof, (a) Define F n = £^ =2 (-l) w X(-i/m,-i/(m+l)]- Then F n G 0]). Let 

F = E"= 2 (-l) m X(-i/ m ,-i/( m+ i)]- Then F G £>([-!, 0]) since F G L\[-l,0}). Note that 



\\F — Fu\\a = l/(n + 1) - l/( n + 2) as n oo. So F n — > F in the Alexiewicz norm. 
But lim^o- F(x) does not exist so F is not left regulated on [—1,0]. Since r>Q C ([a,&]) and 
•Ad([o, £>]) are isomorphic and isometric (Theorem 13.61) it follows that although Ad([cl, b]) is 
a normed linear space it is not a Banach space. 



(b) Let / G D([a, b}) with primitive F(x) = /* f(t) dt. Let e > 0. Find g G V l c ([a, b}) such 
that ||/-0|U < e. Let G{x) = f* g. Then ||/ - g\\ A = sup JcM | fj(f - g) \ < 2\\F - GW^. 



Since F has limits at a+ and b— there are a, /3 G K with a < a < (3 < b such that if 
x G [a, a] then | < e/3 and if x G [5,6] then |F(x) — < e/3. Since F is continuous 
on [a, b], by the Weierstrass approximation theorem, there is a polynomial P such that 



\F(x) - G(x)\ < \F(x)\ + \P(a)\ < \F(x)\ + \F(a) - P(a)\ + \F(a)\ < e. (3.13) 



Hence, \\F — G||oo < e and G is continuous on [a, b] with a continuous derivative except 
perhaps at a/2, a or (3. Let g(a/2) = 0, (7(a) = G'{a— ) and g(/3) = G'(/3—). For other 
values of ar let g{x) = G'{x). Then g G ©o c ([a,6]) and ||/-^|U < 2\\F - G]^ < 2e. 

(c) The dual spaces of ^.£)([a, b\) and X>q c ([o, 6]) are isometrically isomorphic. It is an 
elementary result of functional analysis that if Y is a Banach space and X is a dense sub- 
space then X* = Y*. For example, [HI p. 194]. By (b) then, the dual space of Ad{[o>, b]) 
is isometrically isomorphic to the dual of D([a,b}). But this is known to be SBV([a,b}) 



\\(F - P) X[ a,n\\oo < e/3. Define 





P(x), a<x<(3 
F(/3), (3<x<b. 



(3.12) 



For a/2 < x < a we have 
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[T5*] . Now, the (Lebesgue) integral provides a linear isometry and isomorphism between 
ZBV b ([a,b]) and EBV{[a,b}). If g G XBV b ([a,b]) and g(x) = £ h(t) dt for h G £BV([a,b]) 
then HpIIxbv — ||</||£8V — H^HfiBV- The proof of (c) now follows. □ 
If T is a continuous linear functional on D([a, b}) then there is a unique g G SBV([a, b}) 
such that (T, /) = J f(t)g(t) dt for all / G D([a,b\). See [15]. Of course g can be changed 
on a set of measure zero without affecting the value of the integral. The continuous linear 
functionals on *Ao([a, &]) can now be characterised. If S G »4.£,([a, b]) then there is a unique 
function h G WV b ([a, b}) such that if / G A D ([a, b}) then (S, f) = £ fh = - £ F(t)h'(t) dt, 
where F G £>Q C ([a, &]) is the primitive of /. Observe that if (/ n ) C ^4r>([a, 6]) such that 
11/nlU — * then Theorem 13.7( a) shows f n h — > 0, i.e., continuity of the linear functional. 

4 The LL primitive integral and basic properties 

In this section we will study integrability of distributions whose primitives are left regulated 
and Lebesgue integrable, and define an integral for such distributions. Properties of the 
integral, integrable distributions and their primitives are studied. 

4.1 LLP integrability and the LL primitive integral 

We denote 

C lr (I) ={H : I — > M\H is left regulated, locally Lebesgue integrable, 

and has the right limit at inf J}, 
C lc (I) ={G G C lr (I)\G is left continuous, and G(min/) = G(min/+) if mini exists}, 
4 C (J) ={F G £ k (/)|F(inf /+) = 0}. 

(4.1) 

We use the same notations also in the case when local Lebesgue integrability is replaced by 
Lebesgue integrability. When Lebesgue integrability is needed we mention it. Properties of 
the Lebesgue integral ensure that to each H G C lr (I) there corresponds a unique distribution 
on J, denoted also by H, and defined by ( \3.2L where / denotes the Lebesgue integral. 

A distribution / on / is called LLP integrable on I if it is the distributional derivative 
of some primitive H G C lr (I). Denote 

A L (I) = {f G V'\f is LLP integrable on /}. (4.2) 

Al{I) is a linear subspace of Ad{I)- If / is LLP integrable with a primitive H G C lr (I), 
then (13. 3 j) determines primitives G G C lc (I) and F G C 1 q(I) of /. 
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If / G Al{I), F is a primitive of / in £ lc (I) and a, b G I, define the LL primitive integral 
of / from a to b by (11.11) . The so obtained integral is unique, additive over intervals, linear, 
and changes its sign if the integration limits are reversed. Proofs of these properties are same 
as the proofs presented in Theorem 13.21 for corresponding properties for the LD primitive 
integral. The fundamental theorem of calculus holds, i.e., the result of Theorem 13.31 holds 
when / G Al(I) and G G C lc (I), and the proof is same. Thus the mapping T defined by 

T<J) = F, f G A L (I), where F is the primitive of / in C l c (I), (4.3) 

is a linear isomorphism from Al(I) to C 1 q(I). The Hake theorem, i.e., Theorem 13.41 holds as 
well for LL primitive integral. 

4.2 Order and norm properties 

Also in C 1 q(I), there is the pointwise partial order: F < G if and only if F(x) < G(x) for all 
x G I. This allows us to define a partial order ^ in Al{I) by / H g in Al(I) if and only if 
Hf) < F(9) in ^oCO- In particular (E3J) holds, and / ^ g in A L {I) if and only if F < G, 
where F and G are the respective primitives in C l ^{I). The proofs that C lc (I) and C 1 q(I) 
are ordered vector spaces, and that Al{I) is order isomorphic to C 1 q(I), are the same as the 
proofs presented in Theorem 13.51 for corresponding properties for V lc (I), T> 1 q(I) and Ad{I)- 
Next we will show that both £ 1 q(I) and Al(I) are lattice-ordered vector spaces. Recall 
that an ordered vector space E is lattice-ordered if the partial order -< of E satisfies the 
following condition. 

(3) x V y and x Ay are in E. The join is x V y = sup{x, y} = w such that x ^ w, y ^ w and 
if x ^ w and y ^ w then u> ^ w. The meet is x A y = inf {x, y} = u> such that w ^ x, w ^ y 
and if w ^ x and w ^ y then w ^ w. 

The definitions (F V G)(x) = sup(F,G)(x) = max(F(x), G{x)), and (FAG)(i) = 
inf (F, G)(x) = mm(F(x),G(x)) define lattice operations in C lc (I) and in C 1 q{I). 

Theorem 4.1. (a) £ 1 q(I) and £ lc (I) are lattice- ordered, (b) Al{I) is lattice- ordered. 

Proof, (a) Let F, G G C l Q c (I). Define $ = (F V G) and * = (F A G). We need to 
prove $, ^ G £g c (J). Let inf / < c < max / and prove $ is left continuous at c. Suppose 
F(c) > G(c). Given e > there is 5 > such that \F(x) - F(c)| < e, |G(x) - G(c)| < e 
and F(x) > G(x) whenever x G (c — 5, c). For such x, |$(x) — $(c)| = \F(x) — F(c)\ < e. If 
F(c) = G(c), then \&(x) - $(c)| < max(|F(x) - F(c)|, |G(x) - G(c)|) < e. Therefore, $ is 
left continuous on 7\ {inf /}. Similarly, $ has the right limit at inf /, and is right continuous 
at the possible left end point of J, so that $ G C 1 q(I). Similarly with the infimum. Hence, 
$, ^ G C 1 q(I). The proof that C lc (I) is lattice-ordered is similar. 
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(b) First, we show that Al{I) is closed under the operations / V g and / A g. For 
f, g € Al(I), we have / V g = sup(/, g). There is h such that / ^ h, g ^ h, and if / ^ h, 
g ^ h, then h <h. This last statement is equivalent to J~(f) < -^{g), F{g) < J-(h), and if 
W) < > H9) < > then -^CO < ^(^) • But then -^CO = max(J(/), J 7 ^)) and 

/i = so /V<? = (JT(f) VF(g))' G ^(/). Similarly, fAg = (F(f)AF(g))' G ^(/). □ 

Let E be a lattice-ordered normed space. Define \x\ = x V (— sc), x + = x V and 
x _ = (— x) V 0. Then x = x + — x~ and \x\ = x + + x~ . E is called a normed Riesz space if 
the norm || • || of E is a Riesz-norm, i.e., it satisfies the following condition. 
(4) |x| -< \y\ implies ||x|| < ||y||. 

Assume next that the functions of C lc (I) and C 1 q{I) are Lebesgue integrable. We will see 
that these spaces can be normed by the L 1 -norm: 

\\F\\ 1 = j\F(t)\dt. (4.4) 

Using the isomorphism T we define a 1-norm in Al(I) by ||/||i = H-FOOHi, i.e., 

11/11! = J\F(t)\dt, where F = T(f). (4.5) 

The lattice operations show that the LL primitive is absolute: if / is integrable so is |/|. 

Theorem 4.2. Assume that the functions of C lc (I) and C 1 q(I) are Lebesgue integrable. (a) 
and C lc (I) are normed Riesz spaces with respect to pointwise ordering and L x -norm. 
(b) Al{I) is a normed Riesz space with respect to partial order and norm defined by Jff. 7| ) 
and (g3). (c) If f G A L {I) then \f\, /+ and f~ are in A L (I); fj = J] f + - jj f~ ; 

\Lf\>\L\f\l 

Proof, (a) To prove that the L 1 -norm is a norm in C lc (I) and in £q c (J), first note they 
are linear subspaces of the space L l (I) of all Lebesgue integrable functions from / to R. 
And, if F G C lc (I) such that = 0, then then F(x) = for almost all x G /. Since 

F is left continuous in I \ {inf J}, and right continuous at the possible minimum of J, then 
F(x) = for all x G / (see the proof of Theorem 13.61) . Positivity, homogeneity and the 
triangle inequality are inherited from L 1 ^). 

The cone L 1 (I) + = {G G L 1 (/)|G(x) > for a.e. x G /} is closed with respect to the 
L^norm. Hence, if \\F n - F||i -> in C lc (I) and F n G C lc (I) + = {G G C lc (I)\G(x) > for 
all x G /}, then F(x) > for a.e. x G I. One-sided continuity properties of F ensure that F 
cannot have negative values, whence F G C lc (I) + . This proves that C lc (I) + is closed in the 
L 1 -norm topology of C lc (I), so C lc (I) is an ordered normed space. The proof that C 1 q(I) is 
an ordered normed space is similar. 
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If \F\ < \G\, then < Hence, the L 1 -norm is a Riesz norm. Thus C lc (I) and 

C 1 q(I) are normed Riesz spaces. 

(b) Because F, defined by (14.31) . is an order isomorphism from Al(I) to £ 1 q(I), and 
II /Hi = \\-^(f)\\i f° r a ^ / e Al(I), then Al(I) is an ordered normed space because £ 1 q(I) 
is. And, if |/| ^ \g\ then |^(/)|' X so |^(/)| < \?(g)\, that is, \F(f)(x)\ < \F(g)(x)\ 
for all x G I. Then ||/|| = ||.F(/)||i < ||J r ((7)||i = ||^||. Thus the norm defined by (14.51) is a 
Riesz norm. This concludes the proof that Al(I) is a normed Riesz space. 

(c) Theorem 14.1( b) establishes the first part. If F G £> 1 q{I) is the primitive of / then 
| J b J\ = \F(b) - F(a)\ > \\F(b)\ - |F(a)|| = | £ = | J b a \f\\. □ 

4.3 Integration by parts, dual space 

The multipliers for L l ([a,b]) are the essentially bounded functions, L°°([a,b]). If / G 
L 1 ([a,6]) and g G L°°([a, b]) then fg G L 1 ([a,6]). The dual space of L 1 ([a,6]) is also 
L°°([a,b)). If = f*h(t)dt for some /i G L°°([a,6]) nL^MD then J b f(t)g(t)dt = 
F(b)g(b) — J b F(t)h(t) dt, where = f(t) dt. There are analogues for the LL primi- 
tive integral. 

Definition 4.1. Let cG [a, b\. Define 

A c ([a,b}) = {g : [a,b] g(x) = h(t) dt for some h G L°°([a, b}) D If 1 ([a, &])}. (4.6) 

The L 1 condition is redundant when [a, 6] is compact. Note that functions in A c ([a, &]) 
are Lipschitz continuous and vanish at c. 

Definition 4.2. Let / G ^4i([a, &]) with primitive F G £g c ([a,6]). Let g G A c ([a, b]) for some 
c G [a, 6]. Define the integration by parts formula J b fg = F(b)g(b) — J a F(t)g'(t) dt. 

As in Section I3.4[ density of C 1 functions in L 1 and a sequential approach justifies the 
definition. 

Theorem 4.3. Let f G .Az,([a, &]) with primitive F G £g c ([a, 6]). Let g G A a ([a, &]). (aj 
Then\J b a fg\ < \F(b)\\g(b)\ + WFmg'W^. (b) Suppose (F n ) C C([a,6]) nC 1 ((a,6)) such that 
F n {a) = 0, F n (b) = F(b) and \\F^ - f\\ x -»■ 0. Lei Lf(x) = - /* F(t)g'(t) dt and let 

H n (x) = £F^(t)g(t)dt. Then \H(b) - H n (b)\ < \\F - F^y^ -> as n -)> oo. 

Proof, (a) This is the Holder inequality. 

(b) See the proof of Theorem 13.71 □ 
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Proposition 4.1. Let [a,b] be a compact interval. Suppose (F n ) C C([a,b}) flC 1 ([a, b}) such 
that \\F' n - /||i ^ 0. Let = F(x)g(x) - £ F(t)g'(t) alt and let H n (x) = £ F^(t)g(t) alt. 
Then H, H n G C l c ([a, b}) and \\H - # n ||i ->■ 0. 

Proof. The proof is similar to that for Proposition [XBJ Now, using the Holder inequality 
and the Fubini-Tonelli theorem, 



f b \F(x)-F n (x)\\g(x)\dx+ [ b \F(t)-F n (t)\\g'(t)\ f dxdt 

a J a J a 



(4.7) 



< \\F - FnW^WgW^ + ib-a^g'W^). □ 



Note that if J is a subinterval of [a, b] then Jj f is not defined since xj is n °t Lipschitz 
continuous. 

Due to the isometric isomorphism between ^([a, 6]) and L 1 ([a, b}), the dual space of 
Al([(i, b]) is isometrically isomorphic to L°°([a, b]). 

Theorem 4.4. (a) ^4^([a, b\) is not complete, (b) £ l Q([a,b}) is dense in L 1 ([a, 6]). (c) The 
dual space of Al{[ci, b}) is isometrically isomorphic to A&([a, &]) and to L°°([a,b]). 

Proof, (a) Use the example in Theorem 13.9( a). Now, \\F — F n \\i = l/(n+ 1). 
(b) (c) These are essentially the same as in Theorem 13.91 □ 
If S G *4|,([ a ; ^]) then there is a unique function g G A&([a, b}) such that if / G Al([o>, b]) 
then (S, f) = j b a fg = F(b)g(b) - j b a F{t)g'(t) dt, where F G 4 c ([a, b}) is the primitive of /. 

5 The LR primitive integral and basic properties 

In this section we will study integrability and an integral of distributions whose primitives are 
left regulated and Riemann integrable. Properties for the integral, integrable distributions 
and their primitives are derived. 

5.1 LRP integrability and the LR primitive integral 

We denote 

1Z lr (I) ={H : / — > M\H is left regulated, locally Riemann integrable, 

and has a right limit at inf /}, 
TZ lc {I) ={G G K lr {I)\G is left continuous, and G(min/) = G(min J+) if min / exists}, 
1Z l c (I) ={F G 7^ c (/)|F(inf J+) = 0}. 

(5.1) 
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It is well-known that to each H G 7Z lr (I) there corresponds a unique distribution on /, 
denoted also by H, and defined by (13.21) . where / denotes the Riemann integral. 

A distribution / on I is called LRP integrable on / if it is the distributional derivative 
of some primitive H G TZ lr (I). Denote 

A R (I) = {f e V'\f is LRP integrable on /}. (5.2) 

Ar(I) is a linear subspace of Al(I). If / is LRP integrable with a primitive H G lZ lr (I), 
then determines primitives G G TZ lc (I) and F G 1Z l c (I) of /. 

If / G Ar(I), F is a primitive of / in lZ lc {I) and a, b £ I, define the LL primitive integral 
of / from a to 6 by (11.11) . The so obtained integral is unique, additive over intervals, linear, 
and changes its sign if the integration limits are reversed. Proofs of these properties are 
the same as the proofs presented in Theorem 13.21 for corresponding properties for the LD 
primitive integral. The fundamental theorem of calculus holds, i.e., the result of Theorem 
13.31 holds when / G Ar(I) and G G 7Z lc (I), and the proof is the same. The mapping J 7 , 
defined by 

F(f) = F, f E A R {I), where F is the primitive of / in TZ l c (I), (5.3) 

is a linear isomorphism from Ar(I) to 1Zq(I). The Hake theorem, i.e., Theorem 13.41 holds 
as well for LL primitive integral. 

5.2 Order and norm properties 

Also in TZ 1 q(I), there is the pointwise partial order: F < G if and only if F(x) < G(x) for 
all x G I. We can thus define a partial order ^ in Ar{I) by / -< g in Ar(I) if and only if 
F{f) < F{g) in TZ l c (I). In particular (E2D holds, and / r< 9 in A R {I) if and only if F < G, 
where F and G are the respective primitives in 1Z 1 q(I). The proofs that TZ lc (I) and TZ 1 q(I) 
are ordered vector spaces, and that Ar(I) is order isomorphic to TZq(I), are the same as the 
proofs presented in Theorem 13.51 for corresponding properties for D lc (I), T> 1 q{I) and Ad{I)- 
The lattice operations are defined for F, G G lZ lc (I) by (F V G)(a;) = sup(F, G)(x) = 
m&x(F{x),G{x)). And, (F A G)(x) = M(F,G)(x) = min(F(x), G(x)). The proof that both 
TZq(I) and lZ lc (I) are lattice-ordered, and that Ar(I) is lattice-ordered with respect to the 
partial order ^ defined above is same as that given in the proof of Theorem 14.11 to £g c (J), 
C lc (I) and A L (I). 

Assume next that I is compact. By Lemma \2. II Riemann integr ability of a left regulated 
function F : I — >■ R is equivalent to the boundedness of F. Thus we can define the sup-norm 
norm || • ||oo in 7^ C (J) and in Tl l c (I): 

||F|| 0O = sup|F(a;)|. (5.4) 
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Using the isomorphism F we define an Alexiewicz norm in Ar(I) by ||/|| = H^^Hoo- 
Equivalently, 

ll/H = |l^lloo = sup \F(x)\, where F(t) = [ f. (5.5) 

We will show that the spaces 7Z lc (I) and 7Z 1 q(I) and Ar(I) are Banach lattices, i.e., complete 
normed Riesz spaces. 

Theorem 5.1. Assume that I is compact, (a) TZ 1 q(I) and TZ lc (I) are Banach lattices with 
respect to pointwise ordering and sup-norm, (b) Ar(I) is a normed Riesz space with respect 
to partial order and norm defined by Jff. 7| ) and A5.5\) . (c) If f G Ar(I) then \f\, f + and f~ 
are in A R {I); J I f = j I f + - J) | f, f\ > \ J] \f\\ ■ 

Proof, (a) Noticing that the spaces TZ lc (I) and in TZ 1 q(I) are also linear subspaces of 
L°°(I), the proof that they are normed Riesz spaces is similar to that given for C lc (I) and 
in C 1 q{I) in Theorem 14.21 when L l (I) is replaced by L°°(I). To show TZ lc (I) is complete, 
suppose (F n ) is a Cauchy sequence in lZ lc (I). Then (F n ) is a Cauchy sequence in L°°(I) so 
there is F G L°°(I) such that \\F — i^Hoo - ► 0. To show F is left continuous in I \ {min/}, 
suppose c G I \ {min/}. For x G (min/, c) and nGN, 

\F(c) - F(x)\ < \F(c) - F n (c)\ + \F n (c) - F n (x)\ + \F n (x) - F(x)\ 
<2||F-F n || 00 + |F n (c)-F ft (x)|. 

Given e > 0, fix n large enough so that ||F — F n ||oo < e/3. Then let x — > c— . Hence, F is 
left continuous on / \ {min/}. We can see that F has a right limit at c = min / by taking 
x, y > c and letting x, y — > c+ in \F(x) —F(y)\ < 2||F — -F^Hoo + \F n (x) —F n (y)\. Therefore, 
F G ll lc (I) and the space lZ lc (I) is complete. The space TZ 1 q(I) is complete since it is a 
closed subspace of TZ lc (I). 

(b) Because T is an order isomorphism from Ar(I) to 7Z 1 q(I), and ||/|| = ^(Z)!^ for all 
/ G Ar(I), the proof that Al(I) is a normed Riesz space is the same as that given for Al(I) 
in the proof of Theorem 14.21 To prove it is complete, suppose (/ n ) is a Cauchy sequence in 
A R (I). Then || F(f n ) - F(f m ) IU = ||/»-/m|| so {F(f n )) a Cauchy sequence in TZq(I). There 
is F G TZ l c (I) such that \\F(f n ) - -> 0. And then ||/ n - = \\F(f n ) - -)• 0. 
Since F G 7?.o c (/), we have F' G ^4_r(/) and ^4_r(/) is complete. 

(c) The proof is the same as in Theorem 14.21 □ 

5.3 Banach algebra 

In this subsection we assume that / is compact. 
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The spaces of Lebesgue and HK integrable functions are not closed under pointwise 
multiplication. For example, if f(x) = x~ 2 ^ 3 then / is Lebesgue integrable on [0, 1] but 
f 2 is not. However, each of the spaces lZ lr (I), lZ lc (I) and TZq (I) is closed under pointwise 
multiplication. This makes them into commutative Banach algebras. The isomorphism 
between TZ l ^(I) and Ar(I) makes this latter space into a commutative Banach algebra. 

A commutative algebra is a vector space V over scalar field K with a multiplication 
V x V h-> V such that for all u,v,w G V and all a G M, u(vw) = (uv)w (associative), 
uv = vu (commutative), u(v + w) = uv + uw and (u + v)w = uw + vw (distributive), 
a(uv) = (au)v. If (V, \\ ■ \\y) is a Banach space and < \\ u \\v \\ v \\ v then it is a Banach 

algebra. 

The spaces 7Z lr (I), 7Z lc (I) have unit e = 1. A unit for 7Z 1 q(I) would need to equal 1 on 
(mini, max/] and at mini. But such a function is not right continuous at mini so it 
is not in 1Z 1 q(I). However, TZ 1 q(I) has an approximate identity. If mini > — oo define the 
sequence of continuous functions 



For each F G TZ 1 q(I) we have \\F — u n -F||oo 0. TZ 1 q(I) is then said to have an approximate 
identity. A similar construction was used in [21] when I = [—00,00]. 

Theorem 5.2. (a) TZ 1 q(I) and TZ lc (I) are commutative Banach algebras with respect to 
pointwise multiplication and sup-norm, (b) For f,g G Ar(I), with respective primitives 
F,G G 1Z 1 q(I), define a product by fg = (FG)' . Then Ar(I) is a commutative Banach 
algebra. It has no unit. 

Proof, (a) Limits and pointwise products commute. If two functions vanish at a point 
so does their product. 

(b) This follows from the isomorphism between TZ 1 q(I) and Ar(I). See [211 Lemma 1]. □ 
5.4 Integration by parts 

The Riemann-Stieltjes integral J Q b F dg exists for all F G C([a,b\) and all g G BV([a,b\). It 
is defined with a globally fine partition. The integral equals A G M if for all e > there is 
5 > such that if a = x < X\ < . . . < x n = b satisfies maxKj< n \xi — < 5 and ^ is any 
point in Xj\ then | Y^i=i ^(^i)[9( x i) — 9( x i-i)] — A\ < e. For example, see [16]. For the 
LR primitive integral we use a similar type of Stieltjes integral with a locally fine countable 
partition of left open intervals. This yields an integration by parts formula for which the 
multipliers are right continuous functions of bounded variation. While a necessary condition 




n(x — min /) , min I < x < min I + 1/n 
1 , min I + 1/n < x < max /. 
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for existence of the Riemann-Stieltjes integral is that at each point of [a, b] one of F and g 
is continuous (see [T3], 10.6]) for our version we will require that F is left continuous and g 
is right continuous. 

The following definitions are necessary. 

Definition 5.1. A left gauge is a mapping 7 from (a, b] to the intervals in (a, b] such that 
for each y G (a, b] there is x G (a, y) such that 7(2/) = (x,y]. A 7-fine left partition is a 
mutually disjoint collection of intervals V such that U/ e -p/ = (a, 6]; if J G T 3 then I = (x,y] 
for some a < x < y < b and (x, y] C 7(2/). 

The definition makes sense for all —00 < a < b < 00. If [a, b] is a compact interval then 
the gauge can be constructed from a positive function 5 as is done in Henstock-Kurzweil 
integration. The intervals in the gauge are then of the form (x — S(x),x}. 

A collection of disjoint intervals in K is necessarily countable. Note that a 7-fine left 
partition need not be finite. For example, if for each x > we have j(x) C (x/2,x] then 
every 7-fine left partition of [—1, 1] must be denumerable. Without loss of generality we will 
assume each 7-fine left partition is denumerable. 

Definition 5.2. Let F G IZ lc ([a,b}) and let g G BV([a,b]). The integral J*Fdg = AeR 
if for each e > there is a left gauge 7 such that if V = is a 7-fine left partition of 

[a, b] then for each & G U we have | Y^L\ F{£i)\d(yi+) ~ d( x i+)] - A\ < e. Here, U = (x { , y t ] 
for i > 1. 

The main properties of this integral are in the following theorem. 

Theorem 5.3. Let F,Fi G TZ lc ([a,b]), let g,gi G BV([a, b]) and let 7 be a left gauge on [a,b]. 
(a) There exists a ^-fine left partition, (b) The integral is unique, (c) Let Oj, 6j G K. Then 
J a (a 1 F 1 + a 2 F 2 ) d(b 1 g 1 + b 2 g 2 ) = a x b x J a F 1 dg 1 + a 1 b 2 J a F 1 dg 2 + a 2 b 1 J a F 2 dg 1 + a 2 b 2 J a F 2 dg 2 . 
(d) I j^F dg\ < ll-FllooVg. (e) Suppose each integral j^F n dg exists and \\H — -F n ||oo — > /or 
some function H. Then j^Hdg exists and equals lim n ^oo F n dg. (f) Let F be a bounded 
countably stepped function that is left continuous on (a, b] and right continuous at a. On (a, b] 
write F = YllLi a iXh where is a left continuous partition of (a, 6]. Use the notation of 
Definition 1 5. ,21 Then f^Fdg = a 4fi , (?/«+) — 9( x i+)]- (9) The integral exists for each 
F G TZ lc ([a, b}) and g G BV([a,b]). (h) If j^Fdg and f^Fdg exist for some cG (a, 6) then 
f^Fdg exists and equals f^Fdg + Fdg. (i) If f^Fdg exists then J v F dg exists for all 
(x,y]d (a, b] . And, J b a F dg = £ F dg + £ F dg . 

Proof, (a) This follows from the construction in Lemma 12.11 (b) Given two left gauges 
71 and 72, define 7(2;) = 71 (x) fl7 2 (x). Then 7 is a left gauge. The usual uniqueness proof for 
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Henstock-Kurzweil integrals now shows the integral is unique. For example, see [Ml p. 39]. 
(c) This follows from the linearity of the approximating series, (d) | — 
fl'C^i)]! < ll-^lloo^- (e) Using the inequality in (d), the proof is essentially the same as for 
uniform convergence of sequences of Riemann integrable functions. See [HI p. 84]. (f) Write 
U = (bi,Ci\. Define a left gauge 7 so that if x G ij then j(x) C U. If V = A]} is a 
7-fine left partition then each Jj is a disjoint union J, = U{Jj | Jj C Ij}. There is a signed 
Borel measure /i 9 such that fi g ((x,y]) = g(y+) — g(x+). Let ^ G Ij. We then have 

00 00 00 

i=l i=l Jjdi i=l Jjdi 

00 00 

= (UjjCliJj) = ^9 ( J i) 

i=l i=l 
00 

i=l 

Due to the estimate in (d) all of the series converge absolutely, (g) By Lemma 12.1( b) F 
is the uniform limit of a sequence of bounded countably stepped functions. The result 
now follows from (e) and (f). (h) Given e > there exist gauges 71 and 72 so that sums 
over respective 7rfme partitions approximate j^Fdg and f^Fdg with error at most e/2. 
Defining j(x) = ji(x) if x G (a, c] and 72(2;) if x G (c, b] defines a left gauge on (a, b] with 
the property that sums over 7-fine partitions approximate F dg with error at most e. (i) 
For each (x,y] C (a, 6], the function Fx( x , y ] is in R lc ([a, b]). By (h), Fx( x ,y]dg exists. 
Examining the approximating sums shows Fx( x ,y]dg = J^Fdg. Now write f^Fdg = 
Ja F (X(a,c] + X(c,b]) dg- By linearity this equals £ F dg + F dg. □ 

6 Examples and Remarks 

In this section we will first construct examples of left regulated functions that are locally 
integrable in the HK, Lebesgue or Riemann sense, and have at every rational number a 
discontinuity of the second kind. These functions are also used to define primitives which are 
locally integrable in / = [0, 00). Lemmas 12.31 and 12.41 are used to verify the local integrability 
of the constructed functions. 

Example 6.1. Define a mapping G : K. — > R by 

G(t) = -4 ( 2(nt - [nt]) cos ( — — ^ = ^ + - sin (— — * . ,. X) , t G R, (6.1) 
U ti^ 2 \ \2{nt-[nt])) 2 \2{nt - [nt]) J J ' 1 ' 
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where [nt] = m, m < nt < m + 1. For each fixed m G N, denote by G m (t) the mth partial 
sum of the series (16 .ip when t G R. It is easy to verify that the so obtained functions 
G m : R — > R are left regulated, and that the set of all discontinuity points of G m is 

i 

Z m = {-\j G {1, . . . , m\, i G Z, and z and j are coprime}. 
J 

Moreover, the sequence (G m ) converges uniformly to G on each compact subinterval of R. 
Define a function F : R — > R by 

The mth partial sums of the series (16.21) define functions F m : R — > R. Obviously, each F m is 
continuous, and the sequence (F m ) converges uniformly to F on each compact subinterval of 
R, whence F is continuous. Moreover, F^(t) = G m (t) for each t G R\Z m . Consequently, the 
hypotheses of Lemma [2.41 are valid for F and G, so that F'(t) = G(t) for each t e R\ UZ m . 
Thus G is by Lemma 12.31 locally HK integrable. Because G is locally bounded, it is also 
locally Riemann integrable. G is discontinuous at every point of the set UZ m , which is the 

m 

set Q of all rational numbers. Moreover, all the discontinuities are of the second kind because 
of the sine term in the right hand side of ( 16. ip . On the other hand, for each t G R \ Q, the 
functions G m are continuous at t and converge uniformly in [t — l,t + 1] to G, whence G is 
continuous at t. Similarly, since for every m G N, G m has a left limit at each point of R, this 
property holds also for G, i.e., G is left regulated. 

The above reasoning shows that ( 16. ip defines a function G : R — > R that has the following 
properties: 

• G is left regulated and locally Riemann integrable; 

• G is continuous in R \ Q, and each point of Q is its discontinuity point of the second 
kind. 

The function t h-> tG(t) has the above properties, and it is right continuous at the origin. 

Its restriction to I = R+ belongs to K lr (I). The function G (t) = I ; ^ t G J \ 

1 ^ W \tG(t-), t G Q+, 

belongs to 1Z 1 q(I). 

Also the function t h-> e _ '*'G(t) has the properties listed above, and it belongs to TZ lr (K). 
Moreover, it is HK integrable. 

In the next example we present locally Lebesgue integrable primitives that are discon- 
tinuous at every rational point of their domains, and are not locally Riemann integrable. 
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Example 6.2. Let G and F be denned by ( 16. ip and (16.21) . Define functions G m : R — > 

in G N, by 



m 



G m (t) = G(t) + > — . t G R. (6.3) 



n=l 



2y/nt- [rat]' 



It is elementary to verify that Q is the set of discontinuity points of functions G m , and that 
these functions are left regulated. Define functions F m : R — > R, m G N, by 

F"(Q = Fft)+f; M±>^EM ) t g R_. (6.4) 

n=l 

F m is continuous, and (F m )'(t) = G m (t) for all t G R \ Q and m G N. Lemma O implies 
then that functions G m are locally HK integrable. Because the functions F m are locally 
absolutely continuous, then every G m is locally Lebesgue integrable. But G m is not locally 
bounded, and hence not locally Riemann integrable, for any m G N. 

The functionm t i— > tG m (t) have the above properties, and they are right continuous at 
the origin. Their restrictions to R + belong to £ /r (R + ), but not to B lr (R + ). The functions 
* ^ tG m (t-), restricted to R+, belong to C l £ (R+), but not to ^ C (R+). 

The functions t h-> e~^G m (t) are Lebesgue integrable on R. 

Locally HK integrable primitives which are discontinuous at every rational point of their 
domains, and are not locally Lebesgue integrable, are presented in the next example. 

Example 6.3. Let G and F be defined by ( 16. ip and ( 16. 2\\ . Define functions G m : R — > R, 

m G N, by 

s -'''= c i'' + |(™(CT) + ! S)' teR (6 ' 5) 

G m is left regulated, and Q is the set of its discontinuity points. Functions F m : R — > M, 
defined by 

m 1 / \ 

F m (t) = F(t) + Y, - [nt]) cos \^ 2{nt _ [nt]) j , t G R, (6.6) 

are continuous, and F^it) = G m (t) for all t G R\Q. It then follows from Lemma [2731 1 hat the 
functions G m are locally HK integrable. On the other hand, G m is neither locally Lebesgue 
integrable nor locally Riemann integrable for any m G N, since F m is not locally absolutely 
continuous, and G m is not locally bounded for any m G N. 

The functions t H> t 2 G m {t), t G R+, belong to £> /r ([0, 1]) \ C lr {[0, 1]), and the functions 
t ^ t 2 G m (t~), t G R+, belong to V l c ([0, 1]) \ 4 C ([0, 1]). 

The functions t e t G m (t) are integrable on R. 
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An example of a left regulated function that is not HK integrable at any subinterval of 
R that contains origin is 



where G is defined by (16. ip . 

LCP integrable distributions are defined in [9]. The space of their primitives is 

B h \I) = {H : / — > R|i7 is bounded and left regulated, and H(mml+) exists}. 

LCP integrable distributions have unique primitives in the space 

£>o(J) = {F : / —> R|F is bounded and left continuous, and F(min J+) = F(min/) = 0}. 

Because a left regulated function is by Lemma 12.21 locally Riemann integrable if and only if 
it is locally bounded, then B lr (I) = K lr {I) and B {I) = K l c {I). 

In [5] i?P-integrable distributions are defined so that their primitives form the space of 
all regulated functions on J. These distributions have unique primitives in the space 

Vr(I) = {F : I — > M.\F is regulated and left continuous, and ^(minJ) = F(min/+) = 0}. 

Pr{I) is a proper subset of Bq(I). For instance, the function Go defined in Example I6.1[ 
belongs to B lr (JS> + ), but not to Vr(R + ). The restriction of the function F, defined by ( 16. 71) . 
to any interval / for which mini exists and is irrational belongs to Vr(I). 

To construct regulated functions which are discontinuous at each rational point, let p > 1 
be fixed. Define a function F : R — > M. by 



where \nt\ = in, m — 1 < nt < m, m = 0, 1, . . . . The reasoning used in Example 16. II shows 
that F is well-defined, that the set of discontinuity points of F is formed by all rational 
numbers, and that F is left continuous and has right limit at each t G Q. Thus F is 
regulated. The restriction of F to any interval / for which mini exists and is irrational 
belongs to Vr(I). 

In [23] a theory is presented for the regulated primitive integral of distributions whose 
primitives belong to the space 



B R = {F : RU{±oo} ->• R\F is regulated and left continuous on R, F(-oo) = 0, F(oo) e R}. 
The function F , defined by F (t) = e" l * l F(t), t G R, F (±oo) = 0, belongs to B R . 




t > 



t < 0, 




t G R 



(6.7) 



n=l 
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Remarks 6.1. The proofs of Theorems 13. 2\ 13.51 13.61 I4.1[ 14.21 and 15.11 are similar to proofs 
of corresponding results of [23]. The case of regulated primitives considered in this paper 
yields four different integrals over each of the intervals (a, b), [a,b], [a,b) and (a, b]. For 
example, j^ ab ^F' = F(b—) — F(a+). Since we have left continuity of primitives with the 

LD, LL and LR primitive integrals, the integral ( II. ip can be considered as J b F' = Jj a ^ F' = 
F(b-) - F(a-) = F{b) - F(a). 

The above examples show that inclusions in Vr(I) C TZ 1 q(I) C C T> 1 q(I) are proper. 

This result and the bijective correspondence / -f* F between integrable distributions and 
their primitives implies that the RP integrable distributions form a proper subset of LCP 
integrable distributions, which is equal to the space of LRP integrable distributions. They 
in turn form a proper subset of LLP integrable distributions, which form a proper subset of 
LDP integrable distributions. 

In defining D lr (I), C lr (I) and lZ lr (I) we have chosen the primitives to be left regulated. 
Another obvious choice is to take primitives that are right regulated. One can also use a 
convex combination of left and right limits. As for properties of right regulated functions 
see [TTJ Subsection 1.4.2]. 

The order ^ defined by ( 13. 7\\ is not compatible with the usual order on distributions: if 
T,U eV then T > U if and only if (T - U, (p) > for all <p G V such that <p > 0. Nor 
is it compatible with pointwise ordering in the case of functions in Ad(I)- For example, if 

f(t) = Hi(t) sin(t 2 ), where Hi is the Heaviside step function, i.e., Hi(t) — < ' ' then 

< F so -< f in Ad[—1~, 1]) but not pointwise. And, / is not positive in the distributional 
sense. Note, however, that if / G Ad(I) is a nonnegative function or distribution then ^ / 
in A D (I). 

In Lebesgue and Henstock-Kurzweil integration, we have equivalence classes of functions 
that agree almost everywhere. In Ad{I), Ac(-0 and Ar(I) there are no such equivalence 
classes, for two distributions are equal if they agree on all test functions. 

Except the last remark we assume from now on that / is a compact real interval. If 
function / is continuous, or in L P (I) for some 1 < p < oo, or in the Denjoy space D(I) 
of HK integrable functions from / to R, then / G Ar(I) and hence in Al{I) and Ad{I)- 
If primitive function F is continuous then F' G Ar(I). Taking F to be continuous but 
with a pointwise derivative nowhere, we see that Ar(I) contains distributions that have no 
pointwise values. Note that the formula J b F' = F(b) — F(a) holds although this now has 
no meaning as a Riemann, Lebesgue or Henstock-Kurzweil integral. If F is continuous but 
F'(x) = almost everywhere then the Lebesgue integral j a F'(x) dx = but in Ar(I) we 
have j b a F' = F{b) - F{a). 
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The space Ar(I) contains all signed Borel measures on (mini, max/). Suppose \x is a 
signed Borel measure such that //({mini}) = //({max/}) = 0. Define F(min/) = and 
F(x) = f( Qx s dp, for x G (mini, max/]. This Lebesgue integral defines primitive F that is of 
bounded variation and in 7Z 1 q(I). Hence, /t G Ar(I). For example, the Dirac measure, 5, is 
in Ar(K &]) for any a < < b. 

Lemma 12.11 shows left regulated functions can be approximated uniformly by countably 
stepped functions. However, countably stepped functions are not dense in lZ lc (I). For 
example, let F = Yl™=i(~ l) n X((n+i)- 1 ,n- 1 ]- Then F G lZ lc {[— 1,1]) and ||F||do — 1- Suppose 
a is a step function. Then lim a; _ ) .o+ cr ( :E ) exists. We have 



The following example shows T> 1 q(I) is not closed. Define F n = J2m=i(~ l) m X(i/(m+i),i/m] • 



Then F n G ^([0,1]). Let F = £" =1 (-l) m X(i/( m+ i),i/m]. Then F G ©([0,1]) since F G 
^([0, 1]). Note that ||F - F n \\ A = l/(n + 1) - l/(n + 2) as n ->■ oo. So F n ->■ F in the 



Alexiewicz norm. But linx ! ,_ il0 + F(x) does not exist so F is not regulated on [0,1]. Hence, 
although V l c (I) is a normed space it is not a Banach space. The same functions show 
is not closed. Now, 



Hence, C 1 q(I) is also not a Banach space. It now follows that neither Ad{I) n or Al{I) are 
Banach spaces. Since the continuous functions are dense in T> lc (I) the completion of T> lc (I) 
in the Alexiewicz norm is D(I) and the completion of Ad{I) is the space of distributional 
derivatives of HK integrable functions. This space was studied in [22]. Similarly, the 
completion of Al(I) in the 1-norm is the space of distributional derivatives of Lebesgue 
integrable functions. This space was studied in [25] . 

Transfinite series whose terms are indexed with inversely well-ordered sets of real num- 
bers are applied in [10] to derive further integrability criteria for left regulated functions. 
Such series are used also to prove the converse of Lemma 12.31 for left regulated functions. 
Lemma |273| combined with that converse, imply a Fundamental Theorem of Calculus for left 
regulated functions. It is important in applications to ordinary and impulsive differential 
equations. 



F — cr || oo > limsup \F(x) — cr(x)\ = limsup \F(x) — a(0+)\ > 1. 



(6.8) 





as n — y oo. 
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7 Applications to distributional Cauchy systems 



In this section we will study the following system of distributional Cauchy problems: 

y'i = fi(yi,---,y m ), y l (a) = c l , i = i,...,m. (7.1) 

Dependence of solutions on /j and Cj is also studied. Values of the functions fi are distribu- 
tions on a half-open real interval I = [a,b), a < b < oo. 

The regulated primitive integral is studied in detail in [23J when / = R, and applied 
in [8] to problem ( 17. ip when I = [a,b]. The left continuous primitive integral is applied in 
[9] to problem (17.ip when I = [a,b]. Because Bo(I) = 1^(1) when I is compact, the left 
continuous primitive integral and the LR primitive integral are equal. Therefore we study 
only applications of the LD primitive integral and the LL primitive integral to problem 
( 17. ip . No continuity hypotheses are imposed on functions fi. 

7.1 On the smallest and greatest solutions 

We will first study the existence of the smallest and greatest solutions of problem ( 17. ip and 
their dependence on fi and Cj. Component functions yi : [a, b) — > K. of solutions of ( 17. ip are 
assumed to be in the space V lc ([a,b)) of those functions from [a, b) to M. which are locally 
HK integrable, right continuous at a and left continuous on (a,b). 

Assume that V lc ([a,b)) is ordered pointwise, that the space Ao([a,&)) is equipped with 
the ordering ^ defined by (13. 7p . that the space HKi oc ([a, b)) of locally HK integrable 
functions on [a, b) is equipped with a.e. pointwise ordering, and that a.e. equal func- 
tions of HKi oc ([a,b)) are identified. The product spaces V lc ([a, b)) m = x^ =1 P Zc ([a, b)) 
and HKi oc ([a, b)) m = 1 if^ oc ([a, b)) are ordered by componentwise ordering, i.e., if 
x = (xi, . . . , x m ) and y = (yx, . . . , y m ) belong to one of these product spaces, then 

x < y iff Xi < yi for all i — 1, . . . , m. 

Definition 7.1. A function (y 1 , . . . , y m ) £ V lc (\a, b)) m is called a subsolution of (17. ip if 

y'i di fi(yi, ■■■,y m ) in A D {[a, b)), and y^a) < c { for every i = 1, . . . , m. (7.2) 

If reversed inequalities hold in ( \7.2h . we say that (yi, ■ ■ ■ ,y m ) is a supersolution of ( 17.ip . If 
equalities hold in ( 17. 2p . then (yi, . . . , y m ) is called a solution of ( 17. ip . 

The following result that transforms the system (17. ip into a system of integral equations 
is a direct consequence of Theorem 13.31 
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Lemma 7.1. Assume that (yi, . . . , y m ) G V lc ([a, b)) m , and that fi{y\, . . . , y m ) G .Ad ([a, b)) 
for every i — 1, . . . , m. Then (yi, . . . , y m ) is a solution of the system \7.1\) if and only if it 
is a solution of the following system of integral equations: 

Vi(t) = Ci+ fi(yi,...,y m ), t G [a,b), i = 1, . . . , m. (7.3) 

J a 

The application of monotone methods to find solutions of (17. ip is complicated by the 
fact that the limit function, supremum and/or infimum of a pointwise convergent monotone 
sequence of T> lc (I) are not necessarily in V lc (I) even in the case when the interval I is 
compact. For instance, the sequence of functions x n G V lc ([0, 1]), n — 0,1, ... , defined by 



x n (t) 



< t < 2^T, 

l-(-l) fc , 2^tt < t < ^, k = 0,...,n, 



is increasing in the pointwise ordering of P ic [0,l]), but neither its pointwise limit nor its 
supremum is in V lc [0, 1]). 

Therefore we study in this section the existence of such solutions of the system (17.11) 
whose components are locally HK integrable on [a, b). 

Definition 7.2. Given partially ordered sets X = (X,<) and Y = (Y, we say that a 
mapping / : X — > Y is increasing if f(x) ^ f(y) whenever x < y in X, and order-bounded 
if there exist y,y G Y such that the range f[X] of / is contained in the order interval 
[y,y] = {y £Y :y^y ^y} of Y. 

The first existence and comparison theorem for the smallest and greatest solutions of the 
system (17.11) reads as follows. 

Theorem 7.1. Assume that fi : HKi oc ([a, b)) m — > Ad{[(i, b)) is increasing, that the system 
(f7.j[ ) has in V lc ([a,b)) m a subsolution y = (y , . . . , y ) and a supers olutiony = (y 1 , . . . ,y m ), 
and that y. < y i for each % = 1, . . . , m. Then the system ([Zip has in the order interval [y, y] 
of V lc ([a,b)) m the smallest and greatest solutions, and they are increasing with respect to fi 
and Ci, i = 1, . . . , m. 

Proof. Let F : HK loc ([a,b)) m -± V lc ([a,b)) m be defined by 



F(x) = (Fi(xi, . . .,x m ), . . .,F m {x u . . .,x m )), where 
Fi(xi,...,x m )(t) = ci + f*f i (x 1 ,...,x m ), t G [a, 6), % 



(7.4) 



In view of Lemma 17.11 y = (yi, . . . , y m ) is a solution of the system (17. ip in T> lc {[a, b)) m if 
and only if y is a solution of the fixed point equation y = F(y) in T> lc ([a, b)) m . Assume that 
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x = (x%, . . . , x m ) belongs to the order interval [y, y] of HKi 0C ([a, b)) m . The given hypotheses 
imply by Definitions 17.11 and 17.21 that for every i — 1, . . . , m, 

y[ { < My) =< fi(x u ...,x m )< fi(y) ^ % 

for alii = 1, . . . , m. Moreover, y.(a) < q < y^a) for every % = 1, . . . , m. Thus 

iylt) < yja) + £ f t (y) < * + £ /«(*) < y,(a) + £ /,(y) < 
It G [a, 5), z = 1, . . . , m. 

Because t i-» ^ fi{x) belongs to V lc ([a, &)), it is iJ-K" locally integrable. Thus Fi(x) is 
Lebesgue measurable and order bounded by functions y. and y i of /f^ oc ([a, b)). It then 
follows from [2, Proposition 9.39 and Remark 9.25] that Fi(x) e ifi ; r; oc ([a, 6)). This holds 
for every z = 1, . . . , m, whence F(x) G HKi oc ([a, b)) m . 

The above results imply that F maps order interval of HKi oc ([a, b)) m into itself. 
Moreover, F is increasing because the functions /j are increasing. By [HI Theorem 1.1.1] 
there is a unique chain C in HKi oc ([a, b)) m that is well-ordered (every non-empty subset of 
C has the smallest element), and that satisfies 

(I) y = minC, and if y < x, then x G C iff x = sup F[{y G C : y < x}}. 

Since C is well-ordered and F is increasing, then W = F[C] is well-ordered. For every 
i = l,...,m, the set Wi = {zi : (zi,...,z m ) G W} is a well-ordered chain in the order 
interval [y^yil of HKi oc ([a, b)). Thus = supVFj exists in HK[ oc ([a, b)) by [2, Proposition 
9.39]. Obviously, (y 

*ij ■ ■ ■ j y*m) is the supremum of W — F[C] in HKi 0C ([a,b)) m . It then 
follows from [HI Theorem 1.2.1] that y* = (y*i, . . . , = maxC, and that y* is the smallest 
fixed point of F in the order interval [y,y] of HKi oc ([a, b)) m . Moreover, every fixed point of 
F belongs to V lc ([a, b)) m . Thus . . . , y* m ) is the smallest solution of the system (17. ip in 
order interval [y,y] of V lc ([a, b)) m . 

According to [TU Proposition 1.2.1] there exists a unique chain D that is inversely well- 
ordered, and that satisfies 

(II) y = maxD, and if x < y, then x G D iff x = inf F[{y £ D : x < y}}. 

The proof that y* = inf F[D] = minZ) exists and is the greatest fixed point of F in the 
order interval [y, y] of V lc ([a,b)) m is similar to the above proof. Thus y* = (y{, . . . ,y^) is 
the greatest solution of the system (17. ip in the order interval [y,y] of T> lc ([a,b)) m . Moreover, 
according to [HI Theorem 1.2.1 and Proposition 1.2.1], 

y* = min{x G [y, y] : F(x) < x}, y* = max{x G [y,y] : x < F(x)}. (7.5) 
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Applying these relations one can show that the fixed points y* and y* of F are increasing with 
respect to F. Consequently, by (13. 7p and (I7.4p . their components, and hence the smallest 
and greatest solutions of the system (17.11) in [y,y], are increasing with respect to fa and q, 
i — 1, . . . ,m. □ 

As a special case of Theorem 17.11 we obtain the following corollary. 

Corollary 7.1. Assume that fa : HKi oc ([a, b)) m — > Ad([cl, b)) is increasing and order- 
bounded for every % = l,...,m. Then the system \7.1\) has in V lc ([a,b)) m the smallest 
and greatest solutions, and they are increasing with respect to and C{, i — 1, . . . , m. 

Proof. Because functions /, are order-bounded, there exist distributions and hi in 
Ad ([a, b)) such that -< fi(xi,...,x m ) ^ hi for all (x\, . . . ,x m ) £ HKi oc ([a, b)) m and 
% = 1, . . . , m. Defining for every % — 1, . . . , m, 

yjt) :=Ci+ / %{t) :=Ci+ / hi, t £ [a, b), 

J a J a 

it is easy to see that y = (y , . . . , y ) is a lower solution and y = (y 1 ,..., y m ) is an upper 
solution of (17.11) in T> lc ([a,b)) m . Thus (17. ip has by Theorem 17.11 the smallest and greatest 
solutions in the order interval [y,y] of V lc ([a, b)) m . If y = (y±, . . . ,y m ) is a solution of (17.11) 
in V lc ([a,b)) m , then 

y_fi) :=a+ h i <c i + fi(y) < q + / h i = y l (t), te[a,b), i = l,...,m. 

J a J a J a 

Thus y belongs to the order interval [y, y] of V lc ([a, b)) m , whence the smallest and greatest 
solutions of (17. ip in that order interval are the smallest and greatest solutions of (17. ip in 
the whole V lc ([a, b)) m . The last conclusion of Theorem 17.11 implies that these solutions are 
increasing with respect to fi and q, i = 1, . . . , m. □ 

The following result is a consequence of Corollary 17.11 

Proposition 7.1. Assume that for all % = 1, . . . ,m and (x\, . . . , x m ) £ HKi oc ([a, b)) m each 
fi(xi, . . . , Xm) is the distributional derivative of a function 

n t 

9ij ("^l > • • • > Xm ) + Gi(t), te[a,b), (7.6) 

3=1 

where Gi belong to V lc ([a, b)), Gi(a) = 0, functions Hij are bounded and non-negative-valued 
on [a,b) and left- continuous on (a,b), and the functions g%j{x) : [a, b) — > K satisfy the 
following hypotheses: 
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(giji) 9ij{ x i, x m) is locally HK integrable for all (x u . . . , x m ) G HKi 0C ([a, b)) m . 
(gij 2 ) There exist locally HK integrable functions 9^,9^ '■ [a>,b) — > M. such that 

I t a 9 i < fl9ij(xi, ...,x m )< Ja9ij(yu ■■■,y m )< !l9ij, whenever t G [a, b) and 
(xi,..., x m ) < (yi, ...,y m ) in HK loc ([a, b)) m . 

Then the system (f7.-Z| ) has in V lc ([a,b)) m the smallest and greatest solutions, and they are 
increasing with respect to gij and Ci. 

Proof. The hypotheses ensure that (I7.6P defines for every (xi, . . . , x m ) G HKi oc ([a, b)) m 
and % = 1, . . . , m a function Fi{x\, . . . , x m ) G V lc ([a, b)), and that its distributional derivative 
fi(xi, . . . , x m ) is increasing in (x\, . . . , x m ) and is order-bounded by distributions and hi 
whose primitives are 

n t n t 

lit) = c i + J2 H ^ flu + Vi® = Ci + 19* + Gi(t), t G [a,b). 

j=i a 3=1 

Thus the conclusions follow from Corollary 17.11 □ 

Remarks 7.1. The smallest elements of the well-ordered chain C determined by (I) are F n (y), 
n G N , as long as F n {y) = F(F n ~ l (y)) is defined and F n ~ 1 {y) < F n {y), n G N. If 
F n ~ 1 {y) = F n (y) for some neN, there is a smallest such n, and y* = F n ~ 1 (y) is under the 
hypotheses of Theorem 17. II the smallest fixed point of F in [y, y]. If = supF n (y) is defined 

1 1 HKi oc ([a, b)) m and is a strict upper bound of {F n (y)} n&i , then y w is the next element of 
C. If y u = F(y ul ), the y* = y w , otherwise the next elements of C are of the form F n {y U} ), 
nGl, and so on. 

The greatest elements of the inversely well-ordered chain D determined by (II) are n-fold 
iterates F n (y), as long as they are defined and F n (y) < F n_1 (y). If equality holds for some 
iiGN, then y* = F n ~ l (ij) is the greatest fixed point of F in [y,y]. 

Example 7.1. Determine the smallest and greatest solution of the system (17. ip . where m = 2, 
Ci = 0, fi(xi,xz) are for each (xx,X2) G HKi oc ([0, oo)) 2 the distributional derivatives of the 
functions F i (x 1 , x 2 ) : HKi oc ([0, oo)) 2 — > V lc ([0, oo)), defined by 

Fi(xi,x 2 )(t) = H x {t) Jg il (x l ,x 2 ) + G i (t), t G [0, 1], % = 1, 2, (7.7) 

o 

where Hi is the Heaviside step function, Gi G T'' c ([0, oo)), Gj(0) = 0, ga(xi,X2)(0) = 0, 
i = 1,2, and 

<?ii(zi,z 2 )(i) = arctan([10 5 /o(^(t) - G 2 (t)) rft]10" 4 ) (f cos(i) - sin(|) + l) , 
9n(x 1 ,x 2 )(t) = tanh ([3 • 10 4 /o(^iW " G 1 (t)) dt}10~ A ) (| sin(f) + cos(i) + l) , 
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[z] denoting the greatest integer <zGi 

Solution: The validity of the hypotheses (gin) and (gii2) is easy to verify. Thus, the 
system ( 17. ip has by Proposition 17.11 the smallest and greatest solutions in V lc ([0, oo)) 2 . To 
determine these solutions, denote 

f y x {t) := G 1 (t) - 4t(l + cos(i)), t G (0, 1], £l (0) = 0, 

( y x {t) := G 1 (t) + 4t(l + cos(i)), t G (0, 1], ^(0) = 0, 

' V 2 (t) := G 2 (t) - 4t(l - sin(i)), t G (0, 1], x 2 (0) = 0, 

Mt) ■= G 2 (t) + 4t(l - sin(i)), t G (0, 1], x (0) = 0. 

Calculating the successive approximations 

(x n+1 ,y n+1 ) = (F 1 ((x n ,y n ),F 2 (x n ,y n )), (x , y ) = (y_ v y 2 ) and 
(z n+1 ,w n+1 ) = (F 1 (z n ,w n ),F 2 (z n ,w n ), (z ,w ) = (y 1 ,y 2 ), 

we see that (x n ,y n ) form an increasing and (z n ,w n ) form a decreasing sequence. More- 
over, (x 1G ,y 16 ) = {F 1 (x ie ,yi 6 ),F 2 {xi 6 ,yi 6 )), and that (^e^ie) = {Fi{zi 6 , w 16 ), F 2 {z 16 , Wi 6 )). 
According to (I), (II) and Remark 17. II we then have 

C = {(x n ,y n )}^=o, supF[C] = (x m yi 6 ), D = {(z n , w n )}^ =0 , and inf F[D\ = (z 16 ,w 16 ). 

Thus = (xi6,yie) and y* = (ziq,wiq) are the smallest and greatest solutions of ( 17.11) when 
fi(xx, x 2 ) are for each (xi, x 2 ) G HKi oc ([0, oo)) 2 the distributional derivatives of the functions 
Fi(xi,x 2 ) : HKi oc ([0, oo)) 2 — > V lc ([0, oo)), defined by (17.71) . The exact formulas of y* and y* , 
calculated by using simple Maple programs, are 

y*(t) = (G 1 (t) - arctan (||) (t + t cos(f)) , G 2 (t) - tanh (§§) (t - t sin(i))) , 
y*(t) = (G 1 (t) + arctan (§§) (t + t cos(±)) , G 2 (t) + tanh (t - t sin(±))) . 

7.2 Uniqueness results 

Denoting 6{t) = and H+([a,b)) = {\x] \ x G £> k ([a, 6)) m }, where a < 6 < oo, 

[x] = t h-> max{\xi(t)\ :i = l,...,m}, x= (x u ...,x m ) G V lc ([a, b)) m , (7.8) 
we shall prove the following uniqueness Lemma. 
Lemma 7.2. Given F : V lc ([a,b)) m — > T> lc ([a, b)) m , assume that 

\F(y) - F(z)] <G(\y-z]) whenever y, z G V lc ([a, b)) m , (7.9) 
where G : "H+([a, 6)) — >■ "H+([a, b)) has the following properties. 
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(G) G is increasing, i.e., G(u) < G(v) whenever u < v, and for each u G "H+([a, h)) there 
exists a wo E H+([a,b)), u < Wq, such that inf G[W) = 9, where W is the chain 
in H + ([a,b)) that is inversely well-ordered, i.e., every nonempty subset of W has the 
greatest element, and that satisfies the following condition. 

(W) max W = Wq, and if u < w , then u G W if and only if u = inf G[{w G W : u < w}} . 

Then F has at most one fixed point y, i.e., y G V lc ([a, b)) m and y = F(y). 

Proof. Assume that y, z G V lc ([a, b)) m , y = F(y), and z = F(z). Choose w G V lc ([a, b)) 
such that \y — z] < Wq, and that inf £?[VK] = 9, where W is the chain in H + ([a, b)) that is 
inversely well-ordered and satisfies condition (W). By [TT| Proposition 1.2.1] W exists and 
is uniquely determined. If the inequality \y — z] < w does not hold for all w G W, there 
is the greatest element in W, say u, for which \y — z] ^ u. If w G W and u < w, then 
\y — z] < w. This inequality, property f)7.9p . monotonicity of G, and equations y = F(y) 
and z — F(z) imply that 



This result holds for all w G W, u < w, whence \y — z\ is a lower bound of the set G[{w G 
W : u < w}]. But u is by (W) the greatest lower bound of G[{w G W : u < w}), so that 
\y — z\ < it; a contradiction. 

By the above proof \y — z] < w, and hence (17.101) holds for every w G W, whence \y — z~\ 
is a lower bound of G[W] in H+{[a, b)). Thus 6 < \y - z] < inf G[W] = 9, i.e., y = z. □ 

Remarks 7.2. Note that H + ([a,b)) is not a subset of V lc ([a,b)) m because the functions of 
V lc ([a, b)) are not absolutely integrable. 

The first elements of the chain W satisfying (W) are n-fold iterates w n = G n (maxW), 
n G No. If w u — inf{w n }^L 1 exists and is a strict lower bound of {w n }^ =1 , then w^ is the 
next element of W . The next possible elements of W are of the form G n (w UJ ), n G N, and 
so on. 



\y-z] = \F(y) - F(z)-] < G(\y - z\) < G(w). 



(7.10) 



Example 7.2. Given H G V lc ([0, 1], define F : V lc ([0, oo)) V lc 



([0,oo))by 




(7.11) 



(a) Show that F has at most one fixed point y G X> 
(b) Determine the fixed point of F when H'_(l) = lim 



([0,oo)). 



H(l)-H(t) 



exists. 
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Solution: We will show that the hypotheses of Lemma 17.21 hold when the mapping 
G : H+(([0, oo)) H+(([0, oo)) is defined by 

G(«)(«)=H ) " (7.12) 
\(i + l-t)u(i) + (t-i)u(t), i<t<i + l, i e N. 



It is easy to verify that G is increasing, and that (17. 9p holds. Given u 6 H + ([0, oo)), define 
iu (t) 



u(t), 0<t<l, 
max{u(t) , u(i)} , i < t < i + 1, ieN. 



Routine calculations and induction imply that 

|u(z) + (t-i) n (w (t) i<*<i + l, zGN, 

Thus 

Km G« W (i) = I"' ° " ' * 11 

«^oo l u (z), i<t<z + i, ieN. 

Redefining the limit so that the obtained function is left-continuous at t = 1 we get the 
infimum of the set {G n (w )} in H + ([0, oo)): 

zi(f) = inf {G n (w )}(t) = i °' ° " t " X ' 

Similar calculations and induction show that for every i — 2,3, ... , 

{0, < t < i- 1, 

(t-i-l) n ?z(i-l), i — 1 < t < i, n£N, 
w(j), j <t < j + 1, j =1,1 + 1,..., 

and 

zi(t) = mf {G^_o}(t) = I 0, . . 

neN [«0), J < ^ < J + 1, J = M + 1 ; 

Finally, we obtain, as i — > oo, 

Zoo{t) =0, < t < oo. 

Consequently, if u(i) > 0, i = 1, . . . , b, the members of the inversely well-ordered chain W 
satisfying (W) are 

G n (w ),n = 0,1,..., G n ( Zi ),n = l,2,..., i = 1, 2, . . . , Zoo . 
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In particular, inf W = = 9. 

The above calculations and monotonicity of G imply that the hypotheses of Lemma 17.21 
hold. Thus F has at most one fixed point in T> lc ([0, oo)). 

If y is a fixed point of F in V lc ([0, oo)), it follows from (17. Ill) that 



y(t) 

Thus 



H(t) + t(y(t)- /(l)), < t < 1, 

y(i) +i + (t - i){y{t) - y(i) - i), i < t < i + 1, ieN. 



H(l)-H(t) 
y(t)=H(t)-t y L— t W , < t < 1. 

H(l)-H{t) 



Assuming that H'_(l) = \im [_ t exists, then x is left-continuous at t — 1, and y(l) — 
H(l) - H'_{1). Moreover, 

(1 -t + i)(y(i) +i) 
y^ = ~ i-t + i - = ^) +l ' i<t<i + h ieK 

This result and left-continuity ofyakt = i,i = l,...,b, imply that y(i + l) = y(i)+i, i G N. 
Since y(l) = H(l) - #1(1), then 

y(t) = H(l) - H'_(l) + , i<t<i + l, i G N. 

Thus the fixed point of F in V lc ([0, oo)) is 

( H{t) _ t mhmi y o<t<i, 

y(t) = lH(l)-HL(l), t = l, (7.13) 

(H(l) - H'_(l) + ^±±), % < t < i + 1, % e N. 

Consequence: Let F be defined by (177111) with ff(0) = 0, then G Pq c ([0, oo)), 

where y is defined by (17.131) . Denoting by f(x) the distributional derivative of F(x), x G 
£> k ([0,oo)), then 

y(t) = F{y){t) = [ f(y), tG[0,oo). 
Because y(0) = then y is the solution of the Cauchy problem 

y' = f{y), y(o) = o. (7.14) 
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7.3 Existence of minimal and maximal solutions 



In this section sufficient conditions are introduced for the existence of local or global minimal 
and maximal solutions to the distributional Cauchy system 

y'i = fi(Vi,---,Vm), y%(a) = 0, i = l,...,m. (7.15) 

We assume that I = [a, b], a < b < oo, or I = [a,b), a < b < oo. The space 
of Lebesgue integrable functions on /, ordered a.e. pointwise and normed by L 1 -norm: 
|| x ||i = \x(s) \ ds, is an ordered Banach space. It is easy to verify that the product space 
L l (I) m = x™ 1 L 1 (7), ordered by componentwise ordering and a norm ||x|| = {max||xj||i : 
i — 1, . . . , m}, x = (xi, . . . , x m ) £ L 1 (/) m , has the following properties. 

(LO) Bounded and monotone sequences of L l (I) m converge. 

(LI) x + = sup{(0, . . . ,8),x} exists, and ||a; + || < ||x|| for every x e L 1 (/) m . 

Denote 

B(R) = {xe L\l) m : [|r3E?H < R}, R> 0. (7.16) 

Because of the properties (LO) and (LI) the following result is a consequence of [2J Theorem 
2.44]. 

Lemma 7.3. Given a subset P o/L 1 (/) m ; assume that F : P — >■ P is increasing, and that 
F[P] C B(R) C P for some R > 0. Then F has minimal and maximal fixed points. 

The next result is a special case of Lemma 17.31 

Proposition 7.2. Assume that mappings fi : L 1 (/) m — > are increasing, and that 

for some R > the LL primitive integrals Fi(x%, . . . , x m )(t) = fi(xi, . . . , x m ), t E I , of 
fi(xx, . . . , x m ), i — 1, . . . , m, satisfy the following hypothesis. 

(fO) ||Fj(xi, . . . , x m )||i < R for all Xi £ L l (I), \\xi\\i < R, i — 1, . . . , m. 

Then the system ( 7.15 ) has minimal and maximal solutions in B(R) R C lc (I) m . 

Proof. By definition, the functions Fi(x±, . . . ,x m ) belong to C lc (I) which is a subset of 
L 1 (7). Thus F = (Fi, . . . , F m ) maps L l (I) m into L l (I) m . The given hypotheses imply that 
F satisfies the hypotheses of Lemma 17.31 when P = B(R). Thus, by Lemma 17.31 F has 
in B(R) minimal and maximal fixed points. Their components form minimal and maximal 
solutions of (17351) in B(R) n C lc (I) m . □ 

The following result deals with the existence of minimal and maximal solutions of the 
system (I7.15P in the whole C lc (I) m . 
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Theorem 7.2. Assume that mappings : L l (I) m — > Al(I) are increasing, and that the 
integrals Fi(x){t) = f a fi{x), tel, satisfy the following hypothesis. 

(fl) < Q(\\x\\) for all x G L 1 {I) m , where Q : R + R + is increasing, R = Q(R) 

for some R > 0, and r < Q(r) implies r < R. 

Then the Cauchy system Ij7.15\ ) has minimal and maximal solutions in C lc (I) m . 

Proof. The hypothesis (fl) implies that F = (Fi, . . . , F m ) has the following property. 
\\F(x)\\i < Q(\\x\\) < Q(R) = R for every x e B(R). 

Thus the hypothesis (fO) holds, whence f 1 7 . 1 5 j) has the by Proposition 17.21 minimal and 
maximal solutions in B(R) fl C lc (I) m , and they are increasing with respect to fi. 

If y = (yi, . . . ,y m ) G C lc (I) m is a solution of (17.151) . then y is a fixed point of F. The 
hypothesis (fl) with r = \\y\\ implies that 

\\y\\ = \\F(y)\\<Q(\\y\\)<Q(R) = R. 

Thus y E B(R), whence all the solutions of fl7TT5|) are in B(R) n C lc (I) m . 

The assertion follows from the above results. □ 

Definition 7.3. Given a nonempty set X and a normed space Y = (Y, || • ||), we say that a 
mapping / : X — > Y is norm bounded if sup{||/(x)|| : x G X} < 00. 

It follows from Theorem 14.21 that Al{I), equipped with the 1-norm: 

11011! = f\G(t)\dt where G(t) = f g, g G A L (I), tel, (7.17) 

a J a 

and the partial order ^ defined by (13. 7p . is a normed Riesz space. 
The following result is a consequence of Theorem 17.21 

Corollary 7.2. Assume that mappings fi : L l (I) m — > Al{I), i = 1, . . . ,m, are increasing 
and norm bounded. Then the distributional Cauchy system \7.15 ) has minimal and maximal 
solutions in C lc (I) m . 

Proof. Equivalent to the norm boundedness of mappings /, is that equations 
Fi(xi,...,x m )(t)= f i (x 1 ,...,x m ), tel, i = l,...,m, 
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define norm-bounded mappings Ft : L 1 {I) m -> C lc (I) } i = l,...,m. Thus there exist Ri > 
such that 

||^(x)||i < i?i for all i6L 1 (J) m ,i = l r .. ) a 
These inequalities imply that the hypothesis (fl) is valid when 

Q(r) = R :— max{Ri\i = 1, . . . , m}. 

Because the mappings fi are also increasing, the conclusion follows from Theorem 17.21 □ 

Remarks 7.3. It follows from |2, Theorem 2.44] that the system ( I7.15P has under the hy- 
potheses of Proposition 17.21 or Theorem 17.21 the smallest solution y* = (y*i, . . . , y* m ) and the 
greatest solution y* = (y*, . . . , y^) in the order interval [y, y) of B(R), where y = (y , . . . , y ) 
is the greatest solution of the system 

Ui(t) = min{0, / fi(y 1} . . . , y m )}, tel,i = l, 

J a 

and y — (y 1 , . . . , y m ) is the smallest solution of 

yi(t) = max{0, / fi(y u . . . , y m )}, tel,i = l, 

J a 

Moreover, y*, y*, y and y are all increasing with respect to fi, i = 1, ... ,m. 

Existence of continuous solutions of distributional Cauchy problems is studied in [6]. 

8 Higher order differential equations 

In this section we will study the following mth order order distributional Cauchy problem 

y^=g(y,y',...,y^), 
y(0)= Cl , y'(0) = c 2 , 2/ (™- 1 )(0) = c m . 

Existence and comparison results for the smallest and greatest solutions of problem (18. ip are 
then proved by using results of subsection 17.11 

Definition 8.1. We say that y : [0, b) -»• R, b e (0,oo], is a solution of fl£T) if V {m ~ l) e 
V lc [0, b), if g(y, y',..., y( m -^) e A D [0, b)), and if (EJ holds. 

The Cauchy problem (18. ip can be transformed into a system of first order Cauchy prob- 
lems as follows: 
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Lemma 8.1. If g : V lc [0, b)) m — > Ad[0, b)), then y is a solution of the Cauchy problem Ii8.1\) 
if and only if (y%, . . . , y m ) = (y, ?/,..., y( m-1 )) is a solution of the following Cauchy system: 

Vi = Vi+i, i = 1, . . . , m - 1, y' m = g(y h ...,y m ), yi(0) = c h i = l,...,m. (8.2) 

We will present conditions under which problem ( 18. ip has the smallest and greatest 
solutions in the set 

S D = {y.[0,b)^R:y^ eV lc [0,b))} 
or in its order interval when Sd is ordered by 

y < z iff y(t) < z(t) and y^(t) < z {i \t) for all t G [0, b) and i = 1, . . . , m - 1. 

We study also dependence of solutions of ( 18. ip on the functions g and on the initial values 
Ci, i = 1, . . .,m. 

Definition 8.2. We say that a function y e Sd is a subsolution of problem (18. ip if 

y {m) < g(y, y', y^), y(0) < c 1; y'(0) < c 2 , . . . , y^p) < c m . (8.3) 

If reversed inequalities hold in ( 18.31) . we say that y is a supersolution of ( 18. ip . If equalities 
hold in (I8.3p . then y is called a solution of (18. ip . 

As a consequence of Theorem 17. II we obtain an existence comparison theorem for solutions 
of problem ( 18. ip . 

Theorem 8.1. Assume that g : D([0,b)) m — > Ao[0,b)) is increasing, and that ( fg.il) has a 

subsolution y £ So and a supersolution y £ Sd, and y < y, y' < y' . . . ,?/( m_1 ) < y*™- 1 ). 
T/ien t/ie Cauchy problem \8.l\) has the smallest and greatest solutions in the order interval 
[y^y] °f Sd, and they are increasing with respect to g and Ci, i — 1, . . . , m. 

Proof. The function z = (y ,...,y ) = (y, y',..., y( m ~^) is a subsolution, and the 
function z = (y l7 . . . ,y m ) = (y,y', . . . , y( m ~ 1 )) is a supersolution of the system (17. ip when 
the functions f { : £>([0, b)) m -+ A D [Q, b)) are defined by 

fi{x) = x h i = 1, . . . , m - 1, / m (x) = ^(x), x = ...,i m )G P /c [0, 6)) m , (8.4) 

These functions /, are also increasing because g is. It then follows from Theorem 17. II that the 
so obtained system ( 17. ip has the smallest solution (y^, . . . ,y* m ) and the greatest solution 
(yl, . . . , y^) in the order interval [z,z] of V lc ([0, b)) m . Moreover, they are increasing with 
respect to /j and q, i = 1, . . . , m. This result implies by Lemma IHTLl that y u and y{ are the 
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smallest and the greatest solutions of the Cauchy problem (18 .ip in the order interval [y, y] 
of Sd, and they are increasing with respect to g and q, i — 1, . . . , m. □ 

Next we consider the existence of the smallest and greatest solutions of the Cauchy 
problem (18.1 p in the whole Sd- As a special case of Theorem 18.11 we obtain the following 
result. 

Corollary 8.1. The Cauchy problem 118. 1\) has the smallest and greatest solutions in Sd, 
and they are increasing with respect to g and c i; i — 1, . . . ,m, if g : D([0, b)) m — > Ad([0, b)) 
is increasing and order- bounded. 

Proof. Because function g is order-bounded, there exist distributions h and h in Ad[0, b)) 
such that h ^ g(xi, . . . ,x m ) ^ h for all (xi, . . . ,x m ) G D([0,b)) m . Defining, 

ijt) ■= c m + Jok, y m (t) := c m + f*hi, t G [0, 6), 

yjt) = Ci + f*y. +1 (s)ds, y { (t) = a + J^y i+1 (s) ds,i = 1,. . .,m - 1, t G [0,6), 

it is easy to see that y 1 is a lower solution and y 1 is an upper solution of (18. ip in V lc ([0, b)). 
Thus (18. ip has by Theorem 18.11 the smallest and greatest solutions in the order interval 
[y X )Fi] °f Sd- If y is a solution of (18. ip in Sd, then 

^- 1 \t) = c m + [ h<c m + [ g(y,y',...,y ( - m -V)<c m + [ h = tt^t) , te[0,b). 
Jo Jo Jo 

This result and the definitions of y x and y l can be used to show that y belongs to the 
order interval of Sd- Thus the smallest and greatest solutions of (18.1 ft in that order 

interval are the smallest and greatest solutions of ( 18. ip in the whole Sd- The last conclusion 
of Theorem 18.11 implies that these solutions are increasing with respect to g and Cj, % — 
l,...,m. □ 
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